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Basic Definitions

e Throughout the presentation, z = x + 1y.
o H={zecC:y >0}
e D={z€eH:|z| >1and —
o G={zeH:—3<z<1i}
@ SLy(Z) is the group of matrices where

v € SLy(Z),y = (‘g 2) where ad — bc =1 and a,b,c,d € Z

o If y€ SLy(Z) :v=(2Y), then y(z) = gj:[g

5 <z <3}




Introduction to Fo(z2)

This presentation will deal primarily with the Eisenstein
Series of Weight 2k. These are the functions which have the
Fourier expansions:

Eor(z) = 1+ 2k Z oop—1(n)e* ™",

n=1
where m
— (—1)F=2
Y2k ( ) Bka
By, is the k-th Bernoulli number, and o9,—1(n) = ), a?F=1

When k > 2, Foi(2) is a Modular Form for SLy(Z).



Modular Forms

To be a modular form for SLo(7Z), Eox(z) must be holomorphic
on H, including oo, and satisfy the relations

az + b
cz +d

(cz+d)* f(2) = f(

) for all (C d) € SLy(7Z).

e F.K.C Rankin and Swinnerton-Dyer (1970)



Quasimodular Forms

When k=1, E5(z) is known as a quasimodular form, which
fufills the following relation:

az+b, 9 6 .
po— d) = (cz+ d)“Ea(z) — ;zc(cz +d).

The Fourier expansion of Fy(z) is given by

FEs(

00
E2 =1- 242 0'1(7?,)627Tinz.
n=1




Zeros of Fo(z)

e Basraoui and Sebbar (2012)
@ Fs(z) =0 doesn’t have any solutions within D.
e F5(z) = 0 has infinitely many zeros in G

@ Not much else is known about their general distribution or
location.



Graph of Fy(z) =0
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Numerical Output of Ey(z) =0
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e Now we switch our focus from FEs(z) to h(z).

6

Mz) =2+ op

The function h(z) is equivariant, which means that for

h(vz) = vh(z) for v € SLy(Z).



If F5(20) = 0 then h(yz9) = ¢ for v = (25).
Conversely, if h(19) = ¢ with coprime a, ¢, then Es(y~'79) =0

ab

for v =(29).

Consider the case when F3(29) =0 (so h(zp) = o0), and let
z = yzg. Note that yoo = 2.

Then
a

h(vzo0) = vh(z0) = o0 = .

Conversely, suppose h(m) = 2. Then
h(v~'m0) =y h(m) = 7€ = 00, so Ea(y~ ') = 0.



Graphs of Im(h(z)) =0

Since h(z) is rational only when E5(z) = 0, by graphing
Im(h(z)) = 0, all of the solutions to F3(z) = 0 will be plotted
along with some other values.




What would happen if we transformed the zeros of Ey into D7




Graph of
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When is Im(h(z)) = 0 in D?

Theorem 2: The real values of the function h(z) which occur in
the fundamental domain D occur only in the small strip

ly —6/7| < .00028.



Results

e Our initial conjecture that values of Re(FE2(z) = 0) are
rational numbers was incorrect. However, we do know that
values of Re(Fy(z) = 0) are very close to rational numbers
with small denominators.

@ The curve in the D where Im(h(z)) = 0 is the generating
curve for all the ”almost-circles” in H under SL2(Z).

@ When the zeros of Es(z) are translated into D, they lie on
the curve where Im(h(z)) =0

@ The real values of the function h(z) which occur in the

fundamental domain D occur only in the small strip
ly —6/m| < .00028.

e Lots of great experience and exposure to different areas of
mathematics! :)
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