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ABSTRACT. We prove that for each fundamental discriminant —D < 0 there exists at

least one ideal class group character xy of Q(v/—D) such that the L—function L(y,s) is

nonvanishing at s = % In addition, assuming that L(xo, %) < 0 where xq is the trivial

character, we prove that the class number h(—D) satisfies the effective lower bound
h(—D) > 0.1265 - D7 log(D)

for each fundamental discriminant —D < 0 with D > (87/e?)(z279)"" where 0 < £ < 1/2 is
arbitrary and fixed (here v is Euler’s constant).

1. INTRODUCTION AND STATEMENT OF RESULTS

It is well known that the L—function L(y, s) of an ideal class group character x of an imag-
inary quadratic field K = Q(v/—D) can be expressed in terms of values of the real-analytic
Eisenstein series for SLy(Z) at Heegner points. In this paper we will exploit this relationship
to study two related arithmetic problems. First we show that for each fundamental discrim-
inant —D < 0, there exists at least one x such that the central value L(x, %) # 0. Next, by
building on ideas of Iwaniec and Sarnak [IS] and Kowalski and Iwaniec [IK], we show that if
L(x0,3) < 0 where xq is the trivial character, then the class number h(—D) of K satisfies
the effective lower bound

h(—D) > 0.1265 - e D7 log(D)

for each fundamental discriminant —D < 0 with D > (87/¢7)2"9™" where 0 < € < 1/2 is
arbitrary and fixed (here v is Euler’s constant).

In order to discuss these results in more detail we fix the following notation. Let —D < 0
be a fundamental discriminant, K = Q(v/—D) be an imaginary quadratic field, Op be the
ring of integers, w be the number of units in Op, Cl(Op) be the ideal class group of K, h(—D)

be the class number, and CZ/((E) be the group of characters of Cl(Op). Given x € C'Z/(O\D),
the class group L-function is defined by

Livs)= 3 x(@Cls),
CeCI(Op)
where
Ge(s)= Y N(@)™  FRe(s)>1

0#aeC
a integral
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and N(a) is the norm of a. It is known that if x is nontrivial, then L(x,s) extends to an
entire function on C and satisfies the functional equation

A(s) = A(1 - s),
where
A(s) := (2m)°T(s)D*?L(x, 5).

The central value is L(x, 3).

The nonvanishing of central values of automorphic L-functions is a problem of great impor-
tance in number theory. While it is difficult to determine whether an individual L-function
is nonvanishing, progress can often be made by studying L-functions in families. The class
group L—functions provide an interesting example of such a family (see [DFI], [FI], [B]). The
nonvanishing of their central values was studied by Blomer [B], who used deep techniques in
analytic number theory to prove that as D — oo,

—

#x € CUOD) : L (x.3) #0} 1] (1 i 1)

@ h(—D) y

p|D

for some explicit ¢ > 0. This result is ineffective in the sense that one does not know how
large D must be for (1) to hold due to an application of Siegel’s theorem in the proof.

—

We will show that there is always at least one x € C1(Op) such that L(y, 3) # 0.

Theorem 1.1. For each fundamental discriminant —D < 0 there exists at least one x €

—

Cl(Op) such that L (x,1) #0.

—

It is expected that for each —D < 0 one has L (X, %) # 0 for all x € CL(Op). We have
calculated the following table of L-values for small D with prime class number h(—D) using
the identity (2).

TABLE 1. L-function Values for Small D.

—D h(-D) L-function Values at s = 3
-3 1 —0.702237

—4 1 —0.975066

-7 1 —1.67442

-8 1 —1.60701

—11 1 —1.44805

—15 2 —2.69732, 0.111442
—-19 1 —1.17474

—-20 2 —2.45292, 0.154738
—23 3 —3.5857, 0.174036, 0.174036
—24 2

—2.29555, 0.179696
—47 ) —4.82435, 0.359728, 0.247743, 0.247743, 0.359728

—71 7 —5.99259, 0.521411, 0.417899, 0.252331, 0.252331, 0.417899, 0.521411
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Our proof of Theorem 1.1 is inspired by the notion of “quantification in the cusp” discussed
by Michel and Venkatesh in [MV]. To study the nonvanishing of L(x, 1) we use the following
exact formula for the first moment,

1 .. 2 (VD K .
h(—D) L(Xaﬁ) = a <T) f(ZOD7§)7

X€CI(0p)

where f(z, %) is essentially the central derivative of the real-analytic Eisenstein series for
SLy(7Z) and ze,, is the Heegner point corresponding to the trivial ideal class (see Propositions
2.1 and 2.2). The Heegner point zo,, lives high in the cusp of SLy(Z)\H. Since the Fourier
expansion of f(z, ) is dominated by its constant term, which depends only on the imaginary
part of z, we are able to prove that f(zo,, 2) =0 for all D.

Another problem of great importance in number theory is that of finding effective lower
bounds for the class number h(—D). Very strong effective lower bounds which are conditional
on the location of the zeros of the quadratic Dirichlet L—function L(xp, s) have been known
for many years. For example, in 1918, Hecke and Landau proved that if L(xp, s) does not
vanish in the region s > 1 — a/log(D) then

D3
log(D)

where a and b are effective, positive constants (see [IK, Proposition 22.2]). However, it is
natural to ask if strong effective lower bounds can be obtained without assuming anything
about the location of the zeros. This question was discussed by Iwaniec and Sarnak [IS,
section 5] in the context of nonnegativity of central values of automorphic L—functions.
Namely, Iwaniec and Sarnak remarked that if one knew that L(xp,3) > 0, then one could
“eliminate in part the Landau-Siegel lacuna” discussed in [IS, section 2].! This idea was
revisited in Iwaniec and Kowalski [IK, section 22.3], where they explained how to use the
condition L(xp,3) > 0 to establish an effective lower bound of the form

h(=D) > b

h(—D) > Dilog(D).

Using methods similar to those in the proof of Theorem 1.1, we will elaborate on the argument
of Iwaniec and Kowalski and make this lower bound completely explicit.

Theorem 1.2. Let —D < 0 be a fundamental discriminant with D > (8x/e?)(z =" where
0 < e < 1/2 is arbitrary and fized (here v is Euler’s constant). Assume that L(xp,3) >
Then

h(—D) > 0.1265 - e D7 log(D).

It is not difficult to show that GRH implies L(xp, %) > 0. As remarked by Iwaniec and
Kowalski [IK, section 22.3], this result “may conceivably be established sometime without
recourse to the GRH”. In fact, it should be emphasized that there are many examples
of automorphic L—functions which are known unconditionally to have nonnegative central
values (see [IS, section 5]). This is striking considering the difficulty of proving such a result
in the “simplest” case of a quadratic Dirichlet L—function.

'The condition L(xo, 1) <0 is equivalent to L(xp, %) > 0 since L(xo,s) = {(s)L(xp, ).
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2. AVERAGING L-FUNCTIONS

Recall that each ideal class € € Cl(Op) contains a reduced, primitive integral ideal

V=D
a=2Za+7 (HT)

with a = N(a). Moreover, the point
b++v—-D
Zg = —F——
‘ 2a

lies in the standard fundamental domain for I' = SLy(Z). Following convention, we call
these points Heegner points. Next define the Eisenstein series

E(z,s) = Z Jm(yz)?, Re(s) > 1

VEL\T
n e Z} )

== 1)

We connect the central L-values, Eisenstein series, and Heegner points with the following

where

Proposition 2.1. We have

h(_lp) > L(XaS)Z%C(QS) (@) E(z0p,5).

—

x€CI(Op)

Proof. Recall the following classical formula due to Hecke,

C[a}(s) = %C(ZS) <@> E<Zaa 5)'

2
Then
D —s
&) L(x.) = -C(29) (g) S @B 9),
[a]€C1(0p)
so we have
D —S
> L(XaS)Z%C@S) (%_) > E(zs) > xla).
X€CU(Op) [a)eCl(0p) X€CU(0p)

By the orthogonality relations,

S ) {h(—m, @] = [0p)]

— 0, otherwise.
XECU(Op)
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Therefore

h(_lp) Z L(x,s):%ng) (@) E(z0,,5).

Proposition 2.2. Let
f(z,8) :=C((25)E(z, ).

Then for z = x + iy we have

f(z,8) =y (log(y) — log(4me™))
+ 4\/§Z Tsfé(n)sté(Qﬂny) cos(2mnz) + O(s — 3),

where v is Euler’s constant,

and K4(t) is the K-Bessel function.
Proof. Recall the Fourier expansion (see [IK, eq. (22.46)])

f(z,8) = y°C(2s) + \/;F(S - 53((8()23 -1)

4 -
+ Ty VY 2 T (0K (2mny) cos(2mnna),

We have .
2s) = O(s— 1
((29) = gy +7+ 0l = )
and )
Y =y2(1+logy(s —3) +O(s — 1)),
thus
y? FO 1
5C(2s) = 2 —y21 — 1y
y°C(2s) 2(5_%)+7y +5y7logy +O(s — 3)

Also recall the functional equation
s 1-— —s
77T (f) C(s) = ¢(1— )0 )
2 2
Making the change of variables s — 2s — 1 in this equation yields
72T (s — $)C(25 — 1) = ¢(2 = 25)0(1 — s)m (=),

e (5= Pei2s — Dy _ I — sy
I'(s—35)C2s—1)y ™ 7' I(1—-s)y' ~*
2 = 2 —2s).
We want to calculate the Taylor expansion of
7T28_1F(1 _ S)yl—s

[(s)

((2 —2s)



6 S. DITTMER, M. PROULX, AND S. SEYBERT

at s = % We have
1
(2-2s) = —4+7+0(s—1),
2(s — 3)

and

7T2S_1F(1 _ S)yl—s 1

T'(s) =y* +a(s —3)+0(s — 3)°,

where

[0

_ i 7T28_1F<1 _ S)yl—s
~ds

A straightforward calculation shows

o= y%(210g7r —logy + 2y + 2log4).
Putting things together, we get

7T25_1F(1 _ S)yl—s
['(s)

which after simplification gives

f(z,s) = Vy(logy — log(4me™™))

+ 4\/52 To—1(n)K,_1(2mny) cos(2mna) + O(s — b).
n=1

(2 —2s) = e +7y% + (—%)y%(Qlogw—logy—l—27+210g4),

3. PROOF OF THEOREM 1.1

By combining Propositions 2.1 and 2.2, we obtain the identity

_1
1 2 (VD) *
Liv.}Hy=2 [ 2= 1
h —D) (Xag) w( 9 ) f(zOD72)7
X€CU(Op)
where zoD:bJrgm,:c:g,y:\/Tﬁand

f(zop, 3) = Vy(log(y) — log(4me™)) + 4\/§Z 70(n) Ko(2mny) cos(2mnz).

It suffices to show f(zo,,3) # 0 for all D. We assume that f(ze,,3) = 0 for some D and
obtain a contradiction. From [GR, (8.451.6)] we have that

Ko(t) = \/;e_t (1 + %)

for ¢ > 0 where |0| < 1. This, along with y > ¥3 allows us to bound the K-Bessel function

2
term as

1 1
Ko(2mny)| < [ 1+ e 2,
Kozl < (14 ) |/ o
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Using the elementary bound 74(n) < 24/n, we bound the infinite sum in the Fourier expansion
by

4\/_27'0 ) Ko (2mny) cos(2mnx) <4Z\2,/ yKo(2mny)|

n=1

(eam)E

A 1 ey A 1 V3
< 2\/3#) 1 —e2m — ( 2\/5#) 1 —e V3
< 0.018.

Since f(zo,, %) = 0, we have

< .018.

vy (log(y) — log(4me™)) | = 4\/_27'0 ) Ko(2mny) cos(2mnz)

Therefore
|log(y) — log(4dme )| < \/_]\/_(log( y) — log(4me™))| < .021.

This implies
Are O <y < 4021

so that 6.90 < y < 7.21. But using this bound, we can improve the bound on the infinite
sum to

4\/_27'0 ) Ko (2mny) cos(2mnx)

1 6—7r~13.8 19
< |4 < 6.08-107".
— ( + 2\/37_‘_) 1 — €—7r~13.8

Repeating the previous argument with this much sharper bound, we find that

4~ 7—6081071 y < Ae V6081071

and
199.12076 < 4y* < 199.12077.

But since y = \/TB, we have 199 < D < 200, so that D ¢ Z, a contradiction. Thus
f(z0,,3) # 0 for all D. O

4. PROOF OF THEOREM 1.2

(@) S (@ d),

[a]eC1(0p)

By (2) we have

b4vVD . _ b _ VD
oN@) ' ¥ = aN@ Y T aN

where z, = 3 and

f(za3) = Vy(logy — log(4me™)) + 4\/_27'0 ) Ko(2mny) cos(2mnz).

n=1
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Therefore, a calculation yields

(3)
1 2 7D mnb
tep=3 B A (50) S (i) o= (o) }

where o := e“’/87r.

Let x = xo be the trivial character. Then L(xo, %) = C(%)L(XD, %), where L(xp, s) is the
Dirichlet L—function associated to the Kronecker symbol xp. Assume that L(xp,3) > 0, so
that L(xo,3) < 0. Then by (3) we obtain

2 1 D

(4) =y log (“N£> <|B|
Y ecio) VIV (@) (a)

where

__2 OOT 7m\/_ o8 m™nb
b= meczl(% \fzo ( <a>> <N<a>)'

Assume now that log(av/D) > elog(D) for some arbitrary, fixed 0 < € < 1/2 (in particular,
under this assumption w = 2). Split the sum on the left hand side of (4) as Sy + S,, where

VD
o E ()
1<N(a)<avD N

vD
v Y ( .
VN(a
avD<N(a <\/_
Then each summand in S; is nonnegative and we have
S1 < |E| + |Ss|.
Using N(a) < /D/3, we argue as in the proof of Theorem 1.1 to obtain

1 > n onvD : v D
’E| S <4+ m) Z Z ( Cl) ) exp <_ N(Cl) >

[aeCl(Op) n=1

- (wre ot ¥ zexp< ”"f)

[a]eCl(0p) n=1

< C1D™1h(-D),

Cy = (4\/_+ \/éﬂ) (1::7?@)

where
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Next, we have

VD
o) Z s (7e)

avV/D<N S\/_
< log(av/3) D
Va
< CyD 7hg,,
where
log(av/3)
02 = —\/a
and

b = | L < i) < .

Clearly, ho, < h(—D). On the other hand, since each term in the summand of S; is
positive, we have (discarding every term except the one with N(a) = 1)

Sy > log(aV'D) > elog(D).

The second inequality is satisfied for all D > (87/ 67)(%_5)_1. Putting things together, we
conclude after a short calculation that

h(—D) > 0.1265 - D log(D).

Remark. Note that by the equidistribution of Heegner points [D] we have

ha, 2
— 1 — —7ma =~ .852
h(—D) 3"
as D — oo.
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