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Abstract. We provide explicit analogues of the Chowla-Selberg formula for quartic abelian CM fields. This
consists of two main parts. First, we implement an algorithm to compute the CM points at which we will

evaluate a certain Hilbert modular function. Second, we exhibit families of quartic fields for which we can
determine the precise form of the analogue of the product of gamma values.

1. Introduction and Statement of Results

The Chowla-Selberg formula [CSb], [CSa] relates the values of the Dedekind eta function η(z) at certain
CM points to values of Euler’s gamma function Γ(s) at rational numbers. The particular CM points appearing
in the Chowla-Selberg formula are associated to imaginary quadratic fields. In [BSM], Barquero-Sanchez
and Masri generalize the Chowla-Selberg formula to abelian CM fields. Their formula relates the values
of a Hilbert modular function at CM points associated to an abelian CM field to values of both Γ(s) and
an analogous function Γ2 : R+ → R at rational numbers. Our goal is to provide explicit evaluations of the
Chowla-Selberg formula for quartic abelian CM fields. This consists of two parts: (1) calculating the CM
points, and (2) identifying families of field extensions for which the side of the formula involving Γ(s) and
Γ2(x) can be computed in general. We also provide several examples of our formulas for specific quartic
fields.

We begin by explaining the Chowla-Selberg formula for abelian CM fields. Closely following the intro-
duction in [BSM], let F/Q be a totally real field of degree n with complex embeddings τ1, . . . , τn. Let OF
be the ring of integers, O×F be the group of units, dF be the absolute value of the discriminant, ∂F be the
different, and

ζ∗F (s) = d
s/2
F π−ns/2Γ(s/2)nζF (s)

be the (completed) Dedekind zeta function. Let

z = x+ iy = (z1, . . . , zn) ∈ Hn

where H is the complex upper half-plane. The Hilbert modular group SL2(OF ) acts componentwise on Hn
by linear fractional transformations. Define the real analytic function ϕ : Hn → R+ by

ϕ(z) = exp

ζ∗F (−1)N(y)

RF
+

∑
µ∈∂−1

F /O×F
µ6=0

σ1(µ∂F )

RF
∣∣NF/Q(µ∂F ) ·NF/Q(µ)

∣∣1/2 e2πiT (µ,z)


where N(y) =

∏n
j=1 yj is the product of the imaginary parts of the components of z ∈ Hn, RF is the residue

of ζ∗F (s) at s = 0,

σ1(µ∂F ) =
∑

b|µ∂F

NF/Q(b),

and

T (µ, z) =

n∑
j=1

τj(µ)xj + i

n∑
j=1

|τj(µ)|yj .

The function ϕ(z) transforms like a weight one Hilbert modular form ([BSM], Lemma 2.1), and in the case
F = Q we have ϕ(z) = |η(z)|2. Now define the SL2(OF )-invariant function

H(z) =
√
N(y)ϕ(z).
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Let E be a CM extension of F with class number hE , and let Φ = (σ1, . . . , σn) be a CM type for E.
Assume that F has narrow class number 1. To define the CM points at which we will evaluate H(z), note
that given an ideal class C ∈ CL(E), there exists a fractional ideal a ∈ C−1 such that

a = OFα+OFβ,

where α, β ∈ E× and

za =
β

α
∈ E× ∩Hn = {z ∈ E× : Φ(z) = (σ1(z), . . . , σn(z)) ∈ Hn}.

Then za is a CM point corresponding to the inverse class [a] = C−1. We will use the term CM point to refer
to both za and its image Φ(za) under the CM type Φ, and it will be clear which point we mean either from
context or notation. Let

CM(E,Φ,OF ) = {za : [a] ∈ CL(E)}
be a set of CM points of type (E,Φ). This is a CM 0-cycle on the Hilbert modular variety SL2(OF )\Hn.
In Section 4 we give more background on CM points and an algorithm to compute them when E is quartic
abelian.

Let L ⊂ Q(ζm) be an abelian field, where ζm = e2πi/m is a primitive m-th root of unity. Let HL be
the subgroup of G = Gal(Q(ζm)/Q) which fixes L. Recall that G ∼= (Z/mZ)×, where we identify the map
σt ∈ G determined by σt(ζm) = ζtm with the class [t] ∈ (Z/mZ)×. We can then define the group of Dirichlet
characters associated to L by

XL = {χ ∈ (Ẑ/mZ)× : χ |HL≡ 1}.
Since the CM field E is abelian over Q, by the Kronecker-Weber theorem E embeds into some Q(ζm). Hence
HE ≤ HF , and so XF ≤ XE . For our purposes, the choice of cyclotomic field containing E does not matter.
Note that we will frequently think of a character of a group (Z/NZ)× as a Dirichlet character without
explicitly drawing the distinction.

Given a primitive Dirichlet character χ of conductor cχ, let L(χ, s) be the Dirichlet L-function and let
τ(χ) be the Gauss sum

τ(χ) =

cχ∑
k=1

χ(k)ζkcχ , ζcχ = e2πi/cχ .

The gamma values in the Chowla-Selberg formula arise from Lerch’s evaluation of L′(χ, 1) for χ an odd,
primitive Dirichlet character. For their generalization to abelian CM fields, Barquero-Sanchez and Masri
also had to evaluate L′(χ, 1) for χ an even, primitive Dirichlet character. Deninger [Den] showed how to
evaluate L′(χ, 1) in terms of a certain function Γ2 : R+ → R. To describe Γ2, note that as a consequence of

the Bohr-Mollerup theorem, the function log(Γ(x)/
√

2π) is the unique function f : R+ → R such that

f(x+ 1)− f(x) = log(x),

f(0) = ζ ′(0) = − log
√

2π, and f(x) is convex on R+. Deninger proved that the function −ζ ′′(0, x) is the
unique function g : R+ → R such that

g(x+ 1)− g(x) = log2(x),

g(1) = −ζ ′′(0), and g(x) is convex on (e,∞). Here ζ(s) is the Riemann zeta function and

ζ(s, x) =

∞∑
n=0

1

(n+ x)s
, x > 0, Re(s) > 1

is the Hurwitz zeta function. Deninger also proved that

−ζ ′′(0, x) = lim
n→∞

(
ζ ′′(0) + x log2(n)− log2(x)−

n−1∑
k=1

(log2(x+ k)− log2(k))

)
.

Define

Γ2(x) = exp(−ζ ′′(0, x)),

which by our above discussion can be viewed as analogous to Γ(x)/
√

2π. We can now state the version of
the Chowla-Selberg formula for abelian CM fields.
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Theorem 1.1 ([BSM], Theorem 1.1). Let F/Q be a totally real field of degree n with narrow class number
1. Let E/F be a CM extension with E/Q abelian. Let Φ be a CM type for E and

CM(E,Φ,OF ) = {za : [a] ∈ CL(E)}
be a set of CM points of type (E,Φ). Then

(1)
∏

[a]∈CL(E)

H(Φ(za)) = c1(E,F, n)
∏

χ∈XE\XF

cχ∏
k=1

Γ

(
k

cχ

)hEχ(k)

2L(χ,0)

×
∏
χ∈XF
χ 6=1

cχ∏
k=1

Γ2

(
k

cχ

)hEτ(χ)χ(k)

2cχL(χ,1)

,

where

c1(E,F, n) :=

(
dF

2n+1π
√
dE

)hE
2

.

Note that while XF and XE depend a priori on the choice of m in the embedding E ⊂ Q(ζm), for the
purposes of Theorem 1.1 we take the products on the right side of (1) over the primitive characters χ that
induce the characters in XE and XF , with each primitive character appearing only once. This is the reason
that (1) is independent of the choice of m in the embedding E ⊂ Q(ζm). Equivalently, XF and XE may be
taken to be the primitive Dirichlet characters associated to the Dirichlet L-functions in the factorizations of
the Dedekind zeta functions of F and E, respectively.

Our main theoretical results are explicit evaluations of the right side of (1) in terms of standard arith-
metical data associated to E and its subfields for a family of biquadratic CM fields and a family of cyclic
quartic CM fields. We also describe and implement an algorithm to enumerate the CM points appearing on
the left side of (1) for quartic abelian CM fields.

To state our results, for any squarefree integer d let K = Q(
√
d). Let ∆ be the discriminant of K, hd be

the class number, wd = #O×K be the number of units (for d < 0), εd be a fundamental unit (for d > 0), and

χd(k) =

(
∆

k

)
be the Kronecker symbol associated to K. Then we have the following evaluation of (1) for

a family of biquadratic CM fields.

Theorem 1.2. Let p ≡ 1 (mod 4) and q ≡ 3 (mod 4) be primes. Let F = Q(
√
p), E = Q(

√
p,
√
−q), and

assume that F has narrow class number 1. Then

(2)
∏

[a]∈CL(E)

H(Φ(za)) =

(
1

8πq

)hE
2

q∏
k=1

Γ

(
k

q

)hEχ−q(k)w−q
4h−q

pq∏
k=1

Γ

(
k

pq

)hEχ−pq(k)w−pq
4h−pq

p∏
k=1

Γ2

(
k

p

)hEχp(k)

4 log(εp)

.

For a Dirichlet character χ, let B1(χ) be the first generalized Bernoulli number attached to χ. Our
analogous result for a family of cyclic quartic CM fields is as follows.

Theorem 1.3. Let p ≡ 1 (mod 4) be a prime, and let B,C > 0 be integers such that p = B2+C2 and B ≡ 2

(mod 4). Let F = Q(
√
p) and E = Q

(√
−
(
p+B

√
p
))

, which is a cyclic quartic CM field with totally real

quadratic subfield F . If F has narrow class number 1, then

(3)
∏

[a]∈CL(E)

H(Φ(za)) = c1(E,F, 2)

p∏
k=1

Γ

(
k

p

)−hE Re
χ(k)
B1(χ)

p∏
k=1

Γ2

(
k

p

)hEχp(k)

4 log(εp)

.

Here χ is any choice of character of (Z/pZ)× that sends a primitive root modulo p to a primitive fourth root
of unity.

Remark 1.4. The characters χp(k) =

(
k

p

)
and χ−q(k) =

(
k

q

)
appearing in Theorem 1.2 are Legendre

symbols, and χ−pq is the character of (Z/pqZ)× equal to the product of the characters induced by χp and
χ−q. Because the Dirichlet character χ in Theorem 1.3 takes values in {0,±1,±i}, the exponents on the
right side of (3) are rational except for the regulator log(εp). Explicitly,

B1(χ) =
1

p

p∑
k=1

χ(k)(k + 1).
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This paper is organized as follows. In Section 2, we calculuate the groups of characters appearing in the
right side of Theorem 1.1 for the families of fields in Theorems 1.2 and 1.3. We also include a discussion of
how to compute the group of characters for any cyclic quartic CM field. In Section 3, we prove Theorems
1.2 and 1.3. In Section 4, we review some relevant facts about CM 0-cycles on a Hilbert modular variety,
and we give a modified version of an algorithm of Streng [Str10] to compute the CM points for a quartic
abelian CM field. Finally, in Section 5 we give several examples of our main theorems and some tables of
CM points for fields of small class number computed using the algorithm in Section 4. In the appendix we
give our code in Sage [S+13] for this algorithm.

Acknowledgments. This work was completed at the 2014 Research Experience for Undergraduates (REU)
in Mathematics at Texas A&M University, which was funded by the NSF. The author would like to thank
Riad Masri for his guidance and support, and Adrian Barquero-Sanchez for helpful conversations.

2. Groups of characters for quartic abelian CM fields

In this section we compute the groups of characters necessary to obtain Theorems 1.2 and 1.3. We also
describe a more general method to compute the group of characters appearing on the right side of (1) for
any cyclic quartic CM field.

First, we recall a couple of classical results about quadratic Gauss sums. For an odd prime p and integer
k not divisible by p, let

g(k, p) =

p−1∑
x=1

(
x

p

)
e2πikx/p

denote the quadratic Gauss sum. Then we have the following:

g(k, p) =

(
k

p

)
g(1, p), ([IR], Prop. 6.3.1)(4)

g(1, p) =

{ √
p, if p ≡ 1 (mod 4),√
−p, if p ≡ 3 (mod 4),

([IR], Ch. 6, Theorem 1)(5)

where the square roots have positive real part. We can define a Gauss sum more generally by replacing
the Legendre symbol with any character of (Z/pZ)×, and then the analogue of (4) still holds. In ([BSM],
Theorem 1.4), the authors give a more general version of Theorem 1.2 for multiquadratic extensions. Their
computation of the group of characters for a multiquadratic extension relies on a certain Galois-theoretic
property of the Kronecker symbol, which is more or less equivalent to the fact that an analogue of (5) holds
when p is replaced by a squarefree integer (see [KKS], §5.2(d)-5.2(e)). In keeping with the concrete spirit of
this paper, we give a direct computation of the group of characters for the family of biquadratic extensions
in Theorem 1.2 using only (4)-(5).

Starting with the biquadratic case, let p ≡ 1 (mod 4) and q ≡ 3 (mod 4) be primes. Let F = Q(
√
p),

E = Q(
√
p,
√
−q), and assume that F has narrow class number 1. Let m = pq. By (5) it is clear that

E ⊂ Q(ζm) where ζm = e2πi/m. Let G = Gal(Q(ζm)/Q), and let HF and HE denote the subgroups that fix
F and E, respectively. We would like to determine

XF = {χ : (Z/mZ)× → C× : χ |HF = 1}, and XE = {χ : (Z/mZ)× → C× : χ |HE= 1}.
Recall that we identify the automorphism σt ∈ G determined by ζm 7→ ζtm with the element [t] ∈ (Z/mZ)×.

Lemma 2.1. The automorphism σt ∈ G fixes F = Q(
√
p) if and only if t is a quadratic residue modulo p.

Furthermore, σt fixes E = Q(
√
p,
√
−q) if and only if t is a quadratic residue modulo p and t is a quadratic

residue modulo q.

Proof. This is a straightforward application of quadratic Gauss sums. Since ζp = ζqm, then σt(ζp) = ζtp.
Hence by (4) and (5),

σt(
√
p) = σt(g(1, p)) = g(t, p) =

(
t

p

)
√
p.

Thus σt fixes F if and only t is a quadratic residue modulo p. The same argument shows

σt(
√
−q) =

(
t

q

)√
−q,
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and the result follows. �

Now to determine XF and XE , note that

(Ẑ/mZ)× ∼= (Ẑ/pZ)× × (Ẑ/qZ)×.

We can choose this isomorphism so that we identify a pair of characters χp ∈ (Ẑ/pZ)× and χq ∈ (Ẑ/qZ)×

with the product χ = χp · χq of the characters of (Z/mZ)× that χp and χq induce.

Suppose χ = χp · χq ∈ XF . By Lemma 2.1, χ(a) = 1 if

(
a

p

)
= 1. Moreover, for any integer a such that(

a

p

)
= 1, there exists a positive integer b < pq such that b ≡ a (mod p) and b ≡ 1 (mod q). Since

χp(a) = χp(b)χq(b) = χ(b) = 1,

we see that χp is 1 on quadratic residues modulo p. Hence χp ≡ 1 or χp(k) =

(
k

p

)
. Similarly, for any

integer a such that gcd(a, q) = 1, there exists a positive integer b < pq such that b ≡ 1 (mod p) and b ≡ a
(mod q). Then

χq(a) = χp(b)χq(b) = χ(b) = 1,

so χq ≡ 1. Hence we have shown that XF is contained in the two element set consisting of trivial character

and the character induced by

(
k

p

)
. It is straightforward to verify that this containment is in fact an equality.

Proceeding similarly to compute XE , suppose χ = χp · χq ∈ XE . By Lemma 2.1, χ(a) = 1 if

(
a

p

)
= 1

and

(
a

q

)
= 1. By the exact same reasoning as in the first part of the previous paragraph, we deduce that

χp ≡ 1 or χp(k) =

(
k

p

)
. By repeating this argument one more time, we find that χq ≡ 1 or χq(k) =

(
k

q

)
.

Hence XE is contained in the four element set consisting of the characters χ = χp · χq where χp and χq are
trivial or Legendre symbols. Again, a straightforward calculation shows that this containment is an equality.
We have thus shown the following:

Lemma 2.2. Let p ≡ 1 (mod 4) and q ≡ 3 (mod 4) be primes. Let F = Q(
√
p), E = Q(

√
p,
√
−q), and

assume that F has narrow class number 1. Then XF and XE may be taken to be subsets of (Z/pqZ)×, and

XF = {χ1, χ2}, XE = {χ1, χ2, χ3, χ4}

where

χ1 ≡ 1, χ2(k) =

(
k

p

)
, χ3(k) =

(
k

q

)
, χ4(k) =

(
k

p

)
·
(
k

q

)
.

In the equations above, we mean the characters of (Z/pqZ)× induced by the Legendre symbols.
Moving on to the family of cyclic quartic CM fields in Theorem 1.3, we start with a general description

of cyclic quartic fields following the introduction in [SW] and then specialize to our case. Let E be a cyclic
quartic extension of Q. Then there exist unique integers A, B, C, D such that

E = Q
(√

A(D +B
√
D)

)
where

A is squarefree and odd,(6)

D = B2 + C2 is squarefree and B,C > 0,(7)

gcd(A,D) = 1.(8)

Moreover, each choice of integers A, B, C, D satisfying these conditions defines a cyclic quartic field with

primitive element
√
A(D +B

√
D). The unique quadratic subfield is always Q(

√
D).
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It is now clear that the cyclic CM fields of degree 4 are precisely those cyclic extensions with A < 0.
Indeed, if A < 0 then E is a totally imaginary quadratic extension of the totally real field Q(

√
D), and if

A > 0 then A(D +B
√
D) has a real embedding. Consider the following three cases:

(9)


Case 1: D ≡ 2 (mod 4),

Case 2: D ≡ 1 (mod 4), B ≡ 1 (mod 2),

Case 3: D ≡ 1 (mod 4), B ≡ 0 (mod 2).

We further divide case 3 into the two subcases:

(10)

 (a) A+B ≡ 3 (mod 4),

(b) A+B ≡ 1 (mod 4),

Set

(11) l = l(E) =


3, in cases 1 and 2,

2, in case 3(a),

0, in case 3(b).

We need to determine a cyclotomic field containing a given cyclic quartic CM field. The smallest such
cyclotomic field possible is as follows.

Theorem 2.3 ([SW]). Let E = Q
(√

A(D +B
√
D)

)
be a cyclic quartic extension of Q where A, B, C,

D are integers that satisfy (6) - (8). Let l be as in (11), and set m = 2l|A|D. Then m is the least positive
integer such that E ⊂ Q(ζm).

From this result, we can explicitly determine XF and XE for the family of cyclic quartic CM fields in
Theorem 1.3 without doing any computations in F or E.

Lemma 2.4. Let E be a cyclic quartic CM field of the form E = Q
(√
−(p+B

√
p)
)

where p ≡ 1 (mod 4)

is prime and p = B2 +C2 for some integers B,C > 0 with B ≡ 2 (mod 4). Let a be a primitive root modulo
p. Then XE and XF may be taken as subsets of (Z/pZ)×. More precisely,

XE = {χ1, χ2, χ3, χ3}, and XF = {χ1, χ2}
where

χ1 ≡ 1, χ2(k) =

(
k

p

)
, χ3 is the character of (Z/pZ)× such that χ3(a) = i.

Proof. By Theorem 2.3, the field E embeds into Q(ζp) (this is case 3(b) as in (11)). Let G = Gal(Q(ζp)/Q) ∼=
(Z/pZ)×. Since this group is cyclic, it is clear that there is a unique subgroup such that the corresponding
quotient group is of order 4, namely, the subgroup 〈a4 〉. Hence HE

∼= 〈a4 〉, as G/HE
∼= Gal(E/Q). Similarly

since HF is a subgroup of G of index 2, then HF
∼= 〈 a2 〉.

Now let χ be a character of (Z/pZ)×. In order for χ to be identically 1 on 〈 a4 〉, it is not hard to see that
χ must be one of the four characters χ1, χ2χ3, χ3. Clearly each of these characters is identically 1 on HE ,
so this proves that XE = {χ1, χ2, χ3, χ3}. If χ is identically 1 on HF

∼= 〈 a2 〉, then χ is either χ1 or χ2, and
both of these possibilities do occur so XF = {χ1, χ2}. �

Remark 2.5. For every prime p ≡ 1 (mod 4), the field Q(ζp) contains a unique cyclic subfield E of order
4. Since p is prime, the field Q(ζp) contains no other cyclotomic subfields. Hence Q(ζp) is the smallest

cyclotomic field containing E. By Lemma 2.3, E must be generated over Q by
√
A
(
p+B

√
p
)

where

A = ±1 and p = B2 + C2 for integers B,C > 0 with B ≡ 0 (mod 2) and A + B ≡ 1 (mod 4). If A = −1
then E is a CM field, otherwise E is not a CM field. The congruence A + B ≡ 1 (mod 4) shows that A is
easily obtained by knowing B. Additionally, B can be obtained from p since the decomposition p = B2 +C2

is unique up to order (assuming B,C > 0) and since precisely one of B,C is even in such a decomposition.
Hence we have a simple congruence relation that determines when the cyclic quartic subfield of Q(ζp) is a
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CM field. Our family of fields in Theorem 1.3 is precisely the family of cyclic quartic CM fields with narrow
class number 1 whose minimal cyclotomic embeddings are in the fields Q(ζp). It is not known to the author
whether this family of cyclic quartic CM fields is infinite (with or without the condition on the narrow class
number). Computer experimentation suggests that when the fields Q(ζp) with p ≡ 1 (mod 4) are ordered
by the size of p, on average half of these fields contain a cyclic quartic CM field.

We conclude this section by describing a general method for computing XF and XE for any cyclic quartic
CM field, using [SW] as our primary reference. Recall the general setup. A cyclic quartic CM field E can be

written uniquely as E = Q
(√

A(D +B
√
D)

)
where A,B,C,D are integers satisfying (6) - (8) and A < 0.

We classify E into one of the four cases according to (9)-(10), and we define l as in (11). By Theorem 2.3, the
field E embeds into Q(ζm) where m = 2l|A|D. Hence we can view HF and HE as subgroups of (Z/mZ)×.

Since D = (±B)2 + (±C)2 and E = Q
(√

A(D ±B
√
D)

)
, we may change the signs of B and C without

changing the field E. After replacing B by −B and C by −C if necessary, the number κ ∈ Z[i] defined by

(12)


Case 1: κ =

1

2
(B + C) + i

1

2
(C −B),

Case 2: κ = B + iC,

Case 3: κ = C + iB,

satisfies

κ ≡ 1 (mod (1 + i)3)

in the ring Z[i], that is, κ is primary. There exists a system of congruence relations on B,C,D that determine
when to replace B by −B and C by −C explicitly described in [SW]. See [IR] for the definition of primary
and other facts related to biquadratic reciprocity, which we will use below. We have

(13) N(κ) = κκ =


1

2
D, in case 1,

D, in cases 2 and 3.

where N(κ) is the usual norm in Z[i]. Since N(κ) is squarefree and odd, and κ is prime, then κ is the
(possibly empty) product π1 · · ·πs of primary Gaussian primes whose norms p1, . . . , ps are distinct rational
primes each congruent to 1 modulo 4. The empty product is understood to be 1, and this only occurs when
D = 2, in which case B = C = κ = 1. We denote by St(πj) the Gauss sum

St(πj) =

pj−1∑
x=1

χπj (x)e2πitx/pj .

Here χπj (x) is the biquadratic residue character of x (mod πj), defined by

χπj (x) = ij

where i ∈ Z[i] is the imaginary unit and 0 ≤ j ≤ 3 is such that

x
pj−1

4 ≡ ij (mod πj).

Note that

(14) St(πj) = χπj (t)S1(πj).

Set

(15) S = S(κ) =

s∏
j=1

S1(πj).

For a primitive element for E, we have the following lemma.
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Lemma 2.6 ([SW], Lemma 2.2). Let E = Q
(√

A(D +B
√
D)

)
be a cyclic quartic extension of Q where

A,B,C,D are integers that satisfy (6) - (8). The minimal polynomial of
√
A(D +B

√
D) is X4−2ADX2 +

A2C2D, whose roots are ±
√
A(D ±B

√
D). In terms of S = S(κ), the roots of this minimal polynomial are

Case 1: ±
√
A(ωS + ωS), ±i

√
A(ωS − ωS),

Case 2: ±
√
A(S + S)/

√
2, ±i

√
A(S − S)/

√
2,

Case 3: ± 1
2

√
A((1 + i)S + (1− i)S), ± 1

2 i
√
A((1− i)S + (1 + i)S),

where ω = e2πi/16.

Let G = Gal(ζm/Q), and let HE and HF be the subgroups that fix E and F = Q(
√
D), respectively. To

compute HE and HF as subgroups of (Z/mZ)×, we need to understand how an element σt ∈ G defined by

σ(ζm) = ζtm acts on
√
D and a primitive element for E. It is sufficient to take m = 23|A|D, perform the

necessary calculations, and then restrict to the smallest m possible given by Theorem 2.3.
To determine σt(

√
D) if D is odd, we can write

√
D as a product of Gauss sums and a unit in Z by applying

(5) to each of the prime factors of D. Indeed, since D ≡ 1 (mod 4), the prime factors of D congruent to 3

modulo 4 come in pairs, so this product of Gauss sums will be ±
√
D. By (4), we can determine how σt acts

on each of these factors. If D is even, we add the factor
√

2 = eπi/4 − e7πi/4, which is mapped to

(
t

2

)√
2

by σt. Now in either case, we have all the information we need to compute HF .
To compute HE , we can use the equations for the generators of E as in Lemma 2.6. By the previous

paragraph and (14), we just need to explain how σt acts on i, ω, ω, G, and
√
A. As 4 | m, we know how σt

acts on i = ζ
2|A|D
m . If 16 | m it is straightforward to determine σt(ω). Otherwise, let M = 2m and consider

the automorphism τt in Gal(Q(ζM )/Q) such that τt(ζM ) = ζtM . As 16 |M , we can determine how σt acts on
ω. Since σt is the restriction of τt to Q(ζm), we can then determine how σt acts on ω. To deal with ω, note
that in a CM field the complex conjugation automorphism commutes with all other automorphisms. Thus
σt(ω) = σt(ω). This also impies that σt(S) = σt(S). Finally, to determine σt(

√
A) we can use the method

as described in the previous paragraph to compute σt(
√
D) (recall that A is odd and squarefree). Now in

all three cases we have enough information to determine if σt fixes a primitive element for E.
We have now described how to determine whether or not a given automorphism σt ∈ G fixes F or fixes

E, so we can compute HF and HE explicitly as subgroups of (Z/mZ)×. The determination of XF and XE

is now a straightforward computational task, as it is not hard to enumerate all m characters of (Z/mZ)×

and check which characters restrict to the identity on HF or on HE . We sketch the details of the calculation
of XE and XF for a cyclic field in Example 5.5.

3. Proof of Main Results

We are now in a position to evaluate the right side of (1) for the families of quartic CM fields under
consideration.

Proof of Theorem 1.2. We have

XF = {χ1, χ2} and XE = {χ1, χ2, χ3, χ4}

where χ1, χ2, χ3, χ4 are as in Lemma 2.1. Recall that for the purposes of evaluating the right side of (1),
we view all characters χ as primitive characters of (Z/cχZ)×, where cχ is the conductor of χ. Clearly χ2

has conductor p, χ3 has conductor q, and χ4 has conductor pq. Straightforward calculations show that χ2 is
the Kronecker symbol associated Q(

√
p), χ3 is the Kronecker symbol associated to Q(

√
−q), and χ4 is the

Kronecker symbol associated to Q(
√
−pq). The residue of the Dedekind zeta function of Q(

√
p) at s = 1 is

equal to L(χ2, 1), so by the class number formula

(16) L(χ2, 1) =
2hp log εp√

p
.
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Recall that τ(χ2) =
√
p by (5), and that hp = 1 by the narrow class number one assumption. To evaluate

L(χ3, 0), let ζ∗K(s) be the completed Dedekind zeta function of the quadratic field Q(
√
−q). Combining the

class number formula with the functional equation for ζ∗K(s) gives

L(χ3, 0) =
2h−q
w−q

.

Similarly

L(χ4, 0) =
2h−pq
w−pq

.

Since p ≡ 1 (mod 4) and −q ≡ 1 (mod 4), then dF = p and d−q = q, where d−q is the absolute value
of the discriminant of Q(

√
−q). Furthermore, as E is the compositum of the fields F and Q(

√
−q) which

have relatively prime discriminants, we have dE = (dpd−q)
2 = p2q2 ([Lan], Ch. 3, Prop. 17). It is now

straightforward to compute the right side of (1) in terms of the data given. �

Proof of Theorem 1.3. In the notation of Lemma 2.4,

XE = {χ1, χ2, χ3, χ3} and XF = {χ1, χ2}.
Hence in this case all characters appearing on the right side of (1) have conductor p. As in the proof of
Theorem 1.2, the character χ2 is the Kronecker symbol associated to the field Q(

√
p), so L(χ2, 1) is given

by (16). We do not have as refined a result as the class number formula for quadratic fields with which to
evaluate the L-functions L(χ3, s) and L(χ3, s) at s = 0, but we can write these values in terms of generalized
Bernoulli numbers ([IR], Prop. 16.6.2). We have

L(χ3, 0) = −B1(χ3),

where B1(χ3) is the first generalized Bernoulli number attached to χ3. Similarly, L(χ3, 0) = −B1(χ3) =

−B1(χ3). We can now evaluate the right side of (1) and arrive at Theorem 1.3. �

4. Algorithm to Compute CM Points

Before presenting an algorithm to compute the CM points appearing in (1), we give more detailed in-
formation on CM 0-cycles on a Hilbert modular variety, essentially following the exposition of Bruinier and
Yang ([BY], Sec. 3) and specializing to the case F has narrow class number 1. Let F be a totally real
number field of degree n with real embeddings τ1, . . . , τn and assume that F has narrow class number 1.
Then SL2(OF ) acts on Hn via

Mz = (τ1(M)z1, . . . , τn(M)zn).

The quotient space X(OF ) = SL2(OF )\Hn is the open Hilbert modular variety associated to OF . The
variety X(OF ) parametrizes isomorphism classes of principally polarized abelian varieties (A, ι) with real
multiplication ι : OF ↪→ End(A).

Let E be a totally imaginary quadratic extension of F and Φ = (σ1, . . . , σn) be a CM type for E. A point
z = (A, ι) ∈ X(OF ) is a CM point of type (E,Φ) if one of the following equivalent conditions holds:

(1) As a point z ∈ Hn, there is a point τ ∈ E such that

Φ(τ) = (σ1(τ), . . . , σn(τ)) = z

and such that
Λτ = OF +OF τ

is a fractional ideal of E.

(2) There exists a pair (A, ι′) that is a CM abelian variety of type (E,Φ) with complex multiplication
i′ : OE ↪→ End(A) such that i = i′ |OF .

By [BY, Lemma 3.2] and the narrow class number 1 assumption, there is a bijection between CL(E) and
the CM points of type (E,Φ) defined as follows: given an ideal class C ∈ CL(E), there exists a fractional
ideal a ∈ C−1 and α, β ∈ E× such that we have the decomposition

(17) a = OFα+OFβ
and such that z = β/α ∈ E×∩Hn = {z ∈ E× : Φ(z) ∈ Hn}. Then z represents a CM point in X(OF ) in the
sense that Cn/Λz is a principally polarized abelian variety of type (E,Φ) with complex multiplication by OE ,
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where Λz = OF +OF z. Conversely, every principally polarized abelian variety of type (E,Φ) with complex
multiplication by OE arises from a decomposition as in (17) for some a in a unique fractional ideal class in
CL(E). We denote the CM 0-cycle consisting of the set of CM points of type (E,Φ) by CM(E,Φ,OF ) and
identify it with the set

{za ∈ E× ∩Hn : [a] ∈ CL(E)}
under the bijection we just described.

As we noted earlier, the CM points CM(E,Φ,OF ) ⊂ X(OF ) parametrize isomorphism classes of princi-
pally polarized abelian varieties (A, ι) with complex multiplication ι : OE ↪→ End(A). In his thesis, Streng
[Str10] gives a couple of algorithms for enumerating principally polarized abelian varieties admitting complex
multiplication by a CM field. In particular, ([Str10], Algorithm 2.5, Appendix 2) produces a list of elements
zi ∈ E× such that for every fractional ideal class C ∈ CL(E) and any choice of CM type Φ, there is some
a ∈ C−1 and zi such that a = OF +OF zi and the element ε = (zi − zi)−1δ−1 is such that Φ(ε) ∈ E× ∩Hn,
where δ is a generator of the different ideal of F . The points zi produced by this algorithm give us the
decomposition (17), so we simply need to modify the algorithm to select zi such that Φ(zi) ∈ E×∩Hn rather
than Φ(ε) ∈ E× ∩ Hn. Below we give a modified version of Streng’s algorithm, where the only differences
are that we have specialized to the case of a quadratic totally real subfield with narrow class number 1, and
we are using a different choice of CM point as mentioned in the previous sentence.

Algorithm 4.1

INPUT: A quartic abelian CM field E = F (
√

∆) and a CM type Φ where ∆ ∈ F , F is totally real of degree
2, and F has narrow class number 1.
OUTPUT: A complete set of representatives za ∈ CM(E,Φ,OF ).

(1) Compute a set of representatives of the ideal class group of E.
(2) Compute an integral basis of OE .

(3) Write each element in the integral basis of OE in the form xi + yi
√

∆ where xi, yi ∈ F .
(4) Compute all elements a ∈ OF up to multiplication by (O×F )2 such that

(18) |NF/Q(a)| ≤
√
|NF/Q(∆)| dF

6

π2
.

(5) For each a, compute a complete set of representatives Ta for OF /(a).
(6) For each a, compute all b ∈ Ta for which a divides b2 −∆.

(7) For each pair (a, b) and each basis element xi + yi
√

∆ of OE , check if yia ∈ OF , xi ± yib ∈ OF ,
and a−1yi(∆− b2) ∈ OF hold. Remove the pair (a, b) from the list if one of these conditions is not
satisfied.

(8) For each pair (a, b), let

z =

√
∆− b
a

.

Check if Φ(z) ∈ E× ∩H2 and if

a = OF +OF z
is a fractional ideal of E. If so, then z is a CM point corresponding to the fractional ideal class of a.
Search through the pairs (a, b) until a CM point has been found for each fractional ideal class in E.

In the appendix we present an implementation of Algorithm 4.1 in Sage.

5. Examples

We conclude by giving several examples of Theorems 1.2 and 1.3, including explicit CM points obtained
by Algorithm 4.1 and a cyclic quartic field not covered by either of these theorems. For the convenience of
the reader, we have included a couple of tables of CM points for biquadratic and cyclic quartic CM fields of
small class number.

Example 5.1. (Theorem 1.3, p = 13, q = 3) Let E = Q(
√

13,
√
−3) be a biquadratic CM field with totally

real subfield F = Q(
√

13). Note that F has narrow class number 1. Then hE = 2, h−3 = 1, h−39 = 2, h13 =

2, w−3 = 6, and w−39 = 2. A fundamental unit is ε13 = (
√

13 + 3)/2. Let Φ = {id, σ} be the CM type where
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id is the identity map and σ is the automorphism such that σ(
√

13) = −
√

13 and σ(
√
−3) =

√
−3. By our

implementation of Algorithm 4.1, we find that

z1 =

√
−3−

√
13

2
, z2 =

√
−3− 3

√
13√

13 + 5

is a complete set of CM points of type (E,Φ). By Theorem 1.2, we compute

H

(√
−3−

√
13

2
,

√
−3 +

√
13

2

)
H

(√
−3− 3

√
13√

13 + 5
,

√
−3 + 3

√
13

−
√

13 + 5

)

=
1

24π

(
Γ
(
1
3

)
Γ
(
2
3

))3(
Γ
(

1
39

)
Γ
(

2
39

)
Γ
(

4
39

)
Γ
(

5
39

)
Γ
(

8
39

)
Γ
(
10
39

)
Γ
(
11
39

)
Γ
(
16
39

)
Γ
(
20
39

)
Γ
(
22
39

)
Γ
(
25
39

)
Γ
(
32
39

)
Γ
(

7
39

)
Γ
(
14
39

)
Γ
(
17
39

)
Γ
(
19
39

)
Γ
(
23
39

)
Γ
(
28
39

)
Γ
(
29
39

)
Γ
(
31
39

)
Γ
(
34
39

)
Γ
(
35
39

)
Γ
(
37
39

)
Γ
(
38
39

)) 1
4

×

(
Γ2

(
1
13

)
Γ2

(
3
13

)
Γ2

(
4
13

)
Γ2

(
9
13

)
Γ2

(
10
13

)
Γ2

(
12
13

)
Γ2

(
2
13

)
Γ2

(
5
13

)
Γ2

(
6
13

)
Γ2

(
7
13

)
Γ2

(
8
13

)
Γ2

(
11
13

)) 1

2 log

(√
13+3
2

)
.

Example 5.2. (Theorem 1.2, p = 29, q = 31) For an example involving a larger class number, consider the

biquadratic CM field E = Q(
√

29,
√
−31). Then E has real quadratic subfield F = Q(

√
29) with narrow

class number 1. Similarly to Example 5.1, we will use the CM type Φ = {id, σ} where σ(
√

29) = −
√

29 and

σ(
√
−31) =

√
−31. We have hE = 21, h−31 = 3, h−29·31 = 14, w−31 = 2, w−29·31 = 2 and ε29 = (

√
29− 5)/2.

Table 3 gives a complete set of CM points za ∈ CM(E,Φ,OF ). Then Theorem 1.2 gives

∏
[a]∈CL(E)

H(Φ(za)) =

(
1

248π

) 21
2

31∏
k=1

Γ

(
k

31

) 7
2χ31(k) 899∏

k=1

Γ

(
k

899

) 3
4χ(k) 29∏

k=1

Γ

(
k

29

) 21χ29(k)

4 log

(√
29−5
2

)
,

where χ29(k) =

(
k

29

)
, χ31(k) =

(
k

31

)
, and χ = χ29 · χ31 is the product of the characters induced by χ29

and χ31 on (Z/899Z)×, or equivalently, χ is the Kronecker symbol associated to the field Q(
√
−899).

Example 5.3. (Theorem 1.3, p = 13, A = −1, B = 2) Consider the real quadratic field F = (Q(
√

13),
which has narrow class number 1. Since 13 = 22 + 32, then by taking B = 2 as in Theorem 1.3, the field

E = F (
√
−(13 + 2

√
13)) is a cyclic CM field of degree 4 over Q. Let Φ = {id, τ} be the CM type consisting

of the identity map and the map τ such that τ

(√
−(13 + 2

√
13)

)
=
√
−(13− 2

√
13). The number 2 is a

primitive root modulo 13. Let χ be the character of (Z/13Z)× such that χ(2) = i. A simple calculation

shows B1(χ) = −1 − i. We have hE = 1, and a fundamental unit is ε13 = (
√

13 + 3)/2. Finally, using

our implementation of Algorithm 4.1, we compute that (
√
−(13 + 2

√
13)− 3

√
13)/(

√
13 + 5) is a CM point

corresponding to the only fractional ideal class in E. We have dF = 13 and dE = 2197. Now by Theorem
1.3,

H


√
−(13 + 2

√
13)− 3

√
13

√
13 + 5

,

√
−(13− 2

√
13) + 3

√
13

−
√

13 + 5


=

1

13
1
4

√
23π

(
Γ
(

1
13

)
Γ
(

2
13

)
Γ
(

3
13

)
Γ
(

5
13

)
Γ
(

6
13

)
Γ
(

9
13

)
Γ
(

4
13

)
Γ
(

7
13

)
Γ
(

8
13

)
Γ
(
10
13

)
Γ
(
11
13

)
Γ
(
12
13

)) 1
2

×

(
Γ2

(
1
13

)
Γ2

(
3
13

)
Γ2

(
4
13

)
Γ2

(
9
13

)
Γ2

(
10
13

)
Γ2

(
12
13

)
Γ2

(
2
13

)
Γ2

(
5
13

)
Γ2

(
6
13

)
Γ2

(
7
13

)
Γ2

(
8
13

)
Γ2

(
11
13

)) 1

4 log

(√
13+3
2

)
.

Example 5.4. (Theorem 1.3, p = 109, A = −1, B = 10) Let F = Q(
√

109) and E = Q
(√
−
(
109 + 10

√
109
))

.

Since 109 = 102 + 32, then E is a cyclic quartic CM field with totally real quadratic subfield F . The class
number of E is hE = 17, and F has narrow class number 1. Let Φ = {id, τ} be the CM type consisting of the
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identity map and the map τ such that τ(
√
−
(
109 + 10

√
109
)
) =

√
−
(
109− 10

√
109
)
. The number 6 is a

primitive root modulo 109, so let χ be the character of (Z/109Z)× such that χ(6) = i. Then B1(χ) = −5−3i.

A fundamental unit is ε109 = (25
√

109 + 261)/2, and we have dF = 109, dE = 1093. Substituting this data
into Theorem 1.3, we get

∏
[a]∈CL(E)

H(Φ(za)) =

(
1

8π
√

109

) 17
2

=

108∏
k=1

Γ

(
k

109

) 1
2α(k) 108∏

k=1

Γ2

(
k

109

) 17χ109(k)

4 log

(
25
√

109+261
2

)
,

where the 17 CM points are given in Table 4, χ109(k) =

(
k

109

)
, and

α(k) =


5, if χ(k) = 1,
−5, if χ(k) = −1,
3, if χ(k) = i,
−3, if χ(k) = −i.

Example 5.5. (D=5, A=-3, B=1) For an example of a cyclic quartic CM field not covered by Theorem 1.3,

let E = Q
(√
−3
(
5 +
√

5
))

and F = Q(
√

5), which has narrow class number 1. Then we are in case 2 as

in (11), so let m = 23 · 3 · 5 = 120. By Lemma 2.3, m is the least positive integer such that E ⊂ Q(ζm).
Let G = Gal(Q(ζm)/Q), and denote by σt ∈ G the automorphism such that σt(ζm) = ζtm. As determined
by (12), we have that κ = −1 + 2i ∈ Z[i] is primary. Moreover, κ is prime. Set S = S1(κ) as in (15). By
Lemma 2.6, a primitive element for E over Q is

√
−3(S + S)/

√
2.

By Lemma 2.2,

HF =

{
σt ∈ G :

(
t

5

)
= 1

}
.

A calculation shows that, as primitive characters,

XF = {χ1, χ2}

where

χ1 ≡ 1, χ2(k) =

(
k

5

)
.

To determine HE , note that by the discussion at the end of Section 2,

σt(
√
−3) =

(
t

3

)
, χt(

√
2) =

(
t

2

)
, σt(S) = χκ(t),

where χκ is the biquadratic residue character modulo κ. Hence if

(19)

(
t

3

)(
t

2

)
χκ(t) = 1,

then it is certainly true that σt ∈ HF . A calculation shows that (19) holds for t ∈ {1, 59, 71, 79, 89, 91, 101, 109}.
This set has order 8, and we know that HE has order 8 since G/HF is cyclic of order 4 and |G| = 32, so this
set must be HE . By another calculation we find that

XF = {χ1, χ2, χ3, χ3}

where χ1 and χ2 are as before, and χ3 is the character of conductor 120 such that

χ3(31) = −1, χ3(61) = −1, χ3(41) = −1, χ3(97) = i.

We have dF = 5, dE = 26 ·32 ·53, hE = 4, B1(χ) = 2+2i, and ε5 = (
√

5+1)/2. Let Φ = {id, τ} be the CM

type where τ

(√
−3
(
5 +
√

5
))

=
√
−3
(
5−
√

5
)
. Proceeding in the same way as in the proof of Theorem

1.3, we find
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∏
[a]∈CL(E)

H(Φ(za)) =
1

212 · 32 · 5 · π2

120∏
k=1

Γ

(
k

120

)α(k)(Γ2

(
1
5

)
Γ2

(
4
5

)
Γ2

(
2
4

)
Γ2

(
3
4

)) 1

log

(
1+
√

5
2

)
,

where

α(k) =

 1, if χ(k) = −1 or χ(k) = −i,
−1, if χ(k) = 1 or χ(k) = i,
0, if gcd(k, 120) > 1,

and the four CM points za computed using Algorithm 4.1 are

za1 =

√
−3
(

5 +
√

5
)
, za2 =

√
−3
(
5 +
√

5
)

2
, za3 =

2
√
−3
(
5 +
√

5
)

√
5 + 5

, za4 =

√
−3
(
5 +
√

5
)

3

Table 1 shows a complete set of representatives of the CM points for the biquadratic CM fields E =
Q(
√
p,
√
−q) and all primes p, q < 50 such that p ≡ 1 (mod 4), q ≡ 3 (mod 4), the class number of E

is less than 4, and F has narrow class number 1. Here the CM type is given by Φ = {id, σ} where σ is
the automorphism of E such that σ(

√
p) = −√p and σ(

√
−q) =

√
−q. Table 2 shows a complete set of

representatives of the CM points for the cyclic CM fields E = Q
(√
−
(
p+B

√
p
))

where p, B are as in

Theorem 1.3 and p ≤ 101. The CM type is Φ = {id, τ} where τ
(√
−
(
p+B

√
p
))

=
√
−
(
p−B√p

)
. In

both cases, the CM points z are such that each OF +OF z belongs to a distinct fractional ideal class in E.
For each field E, the first CM point listed corresponds to the fractional ideal class of OE .

Table 1: CM points for biquadratic fields Q(
√
p,
√
−q) with small

class number

Primes # CL(Q(
√
p,
√
−q)) CM Points

p = 5, q = 3 1

√
−3−

√
5

2

p = 5, q = 7 1

√
−7−

√
5

2

p = 5, q = 11 2

√
−11−

√
5

2

√
−11 +

√
5

4

p = 5, q = 23 3

√
−23−

√
5

2

√
−23− 1

4

√
−23− 2

√
5− 1

4

p = 13, q = 3 2

√
−3−

√
13

2

√
−3− 3

√
13√

13 + 5

p = 13, q = 7 1

√
−7−

√
13

2

p = 13, q = 19 3

√
−19−

√
13

2

√
−19 +

√
13

4

√
−19−

√
13

4

p = 13, q = 31 3

√
−31−

√
13

2

√
−31− 1

4

√
−31− 2

√
13− 1

4

p = 17, q = 3 1

√
−3−

√
17

2
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p = 17, q = 11 1

√
−11−

√
17

2

p = 17, q = 19 2

√
−19−

√
17

2

√
−19 +

√
17

6

p = 29, q = 3 3

√
−3−

√
29

2

√
−3 +

√
29

4

√
−3−

√
29

4

p = 29, q = 7 2

√
−7−

√
29

2

√
−7− 7

√
29

−3
√

29 + 17

p = 37, q = 7 2

√
−7−

√
37

2

√
−7− 7

√
37

−9
√

37 + 55

p = 41, q = 3 1

√
−3−

√
41

2

p = 41, q = 11 3

√
−11−

√
41

2

√
−11 + 3

√
41

−124
√

41 + 794

√
−11− 3

√
41

−124
√

41 + 794

Table 2: CM points for cyclic quartic fields Q
(√
−
(
p+B

√
p
))

=

Q(
√

∆) as in Theorem 1.3 for p ≤ 101.

Parameters # CL
(
Q
(√
−
(
p+B

√
p
)))

CM Points

p = 5, B = 2 1

√
∆−

√
5

2

p = 13, B = 2 1

√
∆− 3

√
13√

13 + 5

p = 29, B = 2 1

√
∆− 5

√
29

−4
√

29 + 22

p = 37, B = 6 1

√
∆−

√
37

2

p = 53, B = 2 1

√
∆− 7

√
53√

53 + 9

p = 61, B = 6 1

√
∆− 5

√
61

−
√

61 + 9

p = 101, B = 10 5

√
∆−

√
101

2

√
∆ + 3

√
101

19
√

101 + 191

√
∆− 3

√
101

19
√

101 + 191
√

∆ + 3
√

101√
101 + 11

√
∆− 3

√
101√

101 + 11
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The biquadratic field Q(
√

29,
√
−31) has class number 21 and the cyclic field Q

(√
−
(
109 + 10

√
109
))

has class number 17. Tables 3 - 4 show CM points corresponding to the fractional ideal classes computed
using the code in the appendix. The CM points and CM types are as in Tables 1 - 2.

Table 3: CM points for Q
(√

29,
√
−31

)
(see Example 5.2)

√
−31−

√
29

2

√
−31− 1

4

√
−31− 2

√
29− 1

4

√
−31 +

√
29

−
√

29 + 7

√
−31−

√
29

−
√

29 + 7

√
−31 +

√
29

−4
√

29 + 22
√
−31−

√
29

−4
√

29 + 22

√
−31 + 5

√
29

−3
√

29 + 17

√
−31− 5

√
29

−3
√

29 + 17
√
−31 + 5

√
29

−2
√

29 + 12

√
−31− 5

√
29

−2
√

29 + 12

√
−31 +

√
29

6

√
−31−

√
29

6

√
−31 + 4

√
29− 1

−2
√

29 + 14

√
−31 + 2

√
29− 1

−2
√

29 + 14
√
−31 + 19

√
29

−7
√

29 + 39

√
−31− 19

√
29

−7
√

29 + 39

√
−31 + 19

√
29

−3
√

29 + 19
√
−31− 19

√
29

−3
√

29 + 19

√
−31 + 10

√
29− 1

−6
√

29 + 34

√
−31− 8

√
29− 1

−6
√

29 + 34

Table 4: CM points for Q
(√
−
(
109 + 10

√
109
))

= Q(
√

∆) (see

Example 5.4)

√
∆− 3

√
109

−
√

109 + 11

√
∆− 2

√
109 + 1

6

√
∆− 4

√
109− 1

6

√
∆ + 3

√
109

511
√

109 + 5335
√

∆− 3
√

109

511
√

109 + 5335

√
∆ + 3

√
109√

109 + 13

√
∆− 3

√
109√

109 + 13

√
∆ + 3

√
109

218
√

109 + 2276
√

∆− 3
√

109

218
√

109 + 2276

√
∆ + 4

√
109 + 1

3
√

109 + 33

√
∆− 4

√
109− 1

3
√

109 + 33

√
∆ + 4

√
109 + 1

−3
√

109 + 33
√

∆− 2
√

109 + 1

−3
√

109 + 33

√
∆ + 2

√
109− 1

−3
√

109 + 33

√
∆− 4

√
109− 1

−3
√

109 + 33

√
∆ + 21

√
109

143
√

109 + 1493
√

∆− 21
√

109

143
√

109 + 1493
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6. Appendix

Below we give our implementation of Algorithm 4.1 in Sage. The user can input relatively prime square-
free integers d1 = d1 > 1 and d2 = d2 ≥ 1 and compute the CM points for the biquadratic extension
Q(
√
d1,
√
−d2). Alternatively, the user can input d1 = D, A = A < 0, and B = B as in (6) - (8) and compute

the CM points for the cyclic extension Q
(√

A
(
D +B

√
D
))

. The CM type is the same as in Tables 1 and

2. If the program succeeds in finding a complete set of CM points za, the output is a list of ordered pairs
[a, b] such that a, b ∈ E and

z =

√
∆− b
a

gives the decomposition

a = OF +OF z,
where a ⊂ E is the fractional ideal generated by 1 and z. One such z is given for each ideal class in E. Here
∆ = −d2 in the biquadratic case, and ∆ = A(D +B

√
D) in the cyclic case. The variable f appearing in the

output is
√
d1.

1 #Robert Cass , July 6 , 2014 , Computation o f CM po in t s f o r qua r t i c abe l i an f i e l d s

2 M = QQˆ4

3 d1 = 5

4 #F i s the number f i e l d Q( f ) obta ined by ad jo in ing a p o s i t i v e square root o f d1

5 F.< f> = Quadrat icFie ld (d1 , embedding=1)

6

7 i f o rder (F . nar row c la s s g roup ( ) ) == 1 :

8

9 G = F. ga l o i s g r oup ( )

10 R.<t> = F [ ]

11

12 #Use t h i s code f o r the b iquadra t i c case

13 d2 = 3

14 D = −d2

15

16 #Use t h i s code f o r the c y c l i c case

17 #B = 2

18 #A = −1

19 #D = A∗( d1+B∗ f )
20

21 pr in t ” f = sq r t ( ” , d1 , ” ) , F=Q(” , f , ” ) , E = F( ” , D, ” ) ”

22

23 #K i s the number f i e l d Q( c ) obta ined by ad jo in ing a square root o f D to F, to i s

24 #the map from the r e l a t i v e number f i e l d 2=F( e ) to to K

25 E.<e> = F. extens i on ( tˆ2−D)

26 K.<c> = E. a b s o l u t e f i e l d ( )

27 f r , to = K. s t r u c tu r e ( )

28 Disc = F. d i s c r im inant ( )

29

30 #Completes s tep 1

31 CL = K. c l a s s g r oup ( )

32

33 #Completes s tep 2

34 OEBasis = E. i n t e g r a l b a s i s ( )

35

36 #Completes s tep 3

37 X = [ ]

38 Y = [ ]
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39 f o r i in range (0 , l en (OEBasis ) ) :

40 Y. append ( (E(OEBasis [ i ] )−(E. complex conjugat ion ( ) (OEBasis [ i ] ) ) ) /(2∗ e ) )
41 X. append ( (E. complex conjugat ion ( ) (OEBasis [ i ] )+E(OEBasis [ i ] ) ) /2)

42

43 #This i s the bound on i d e a l norms as in s tep 4 o f the a lgor i thm

44 Bound = abs (D) ∗abs ( Disc ) ∗6/ p i ˆ2
45

46 #Completes s t ep s 4−5 and imposes the cond i t i on on CM type

47 A = F. idea l s o f bdd norm (Bound)

48 C = [ ]

49 f o r d in range (1 , l en (A) ) :

50 i f l en (A[ d ] ) > 0 :

51 f o r J in A[ d ] :

52 b=J . gens reduced ( ) [ 0 ]

53 i f G[ 0 ] ( b ) > 0 and G[ 1 ] ( b) > 0 :

54 C. append (b)

55 i f G[0 ](−b)> 0 and G[1](−b) > 0 :

56 C. append(−b)

57 i f G[ 0 ] ( b∗F. un i t s ( ) [ 0 ] ) > 0 and G[ 1 ] ( b∗F. un i t s ( ) [ 0 ] ) > 0 :

58 C. append (b∗F. un i t s ( ) [ 0 ] )

59 i f G[0 ](−b∗F. un i t s ( ) [ 0 ] ) > 0 and G[1](−b∗F. un i t s ( ) [ 0 ] ) > 0 :

60 C. append(−b∗F. un i t s ( ) [ 0 ] )

61

62 I L i s t = [ ]

63 ZList = [ ]

64

65 i f Mod(d1 , 4 ) == 1 :

66 s = to ((1+ f ) /2)

67 e l s e :

68 s = to ( f )

69

70 done = f a l s e

71

72 f o r a in C:

73

74 #Completes s tep 6

75 L = [ ]

76 f o r b in (F . i d e a l ( a ) . r e s i du e s ( ) ) :

77 i f F . i d e a l ( a ) . d i v i d e s (F . i d e a l (bˆ2−D) ) :

78 L . append ( [ a , b ] )

79

80 #Completes s tep 7

81 LL = [ ]

82 f o r pa i r in L :

83 f o r i in range (0 , l en (OEBasis ) ) :

84 i f (Y[ i ]∗ pa i r [ 0 ] ) . i s i n t e g r a l ( ) and (X[ i ]+Y[ i ]∗ pa i r [ 1 ] ) . i s i n t e g r a l

( ) and (X[ i ]−Y[ i ]∗ pa i r [ 1 ] ) . i s i n t e g r a l ( ) and ((1/ pa i r [ 0 ] ) ∗Y[ i ] ∗ (D−pa i r [ 1 ] ˆ 2 ) ) .

i s i n t e g r a l ( ) and pa i r not in LL :

85 LL . append ( pa i r )

86

87 #Completes s tep 8 and e x p l i c i t l y v e r i f i e s that the CM po in t s g ive the

appropr ia t e decomposit ion o f f r a c t i o n a l i d e a l s

88 f o r n in range (0 , l en (LL) ) :

89 N = to ( e−LL [ n ] [ 1 ] )
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90 De = to (LL [ n ] [ 0 ] )

91 i f CL(K. i d e a l (N/De , 1 ) ) not in I L i s t :

92 a 1 = K. vec to r spac e ( ) [ 2 ] (N/De)

93 a 2 = K. vec to r spac e ( ) [ 2 ] ( s ∗N/De)

94 a 3 = K. vec to r spac e ( ) [ 2 ] ( 1 )

95 a 4 = K. vec to r spac e ( ) [ 2 ] ( s )

96 V = M. span ( [ a 1 , a 2 , a 3 , a 4 ] , ZZ)

97 U = K. i d e a l (N/De , 1 ) . f r ee module ( )

98 i f U == V:

99 I L i s t . append (CL(K. i d e a l (N/De , 1 ) ) )

100 ZList . append ( [ LL [ n ] [ 0 ] , LL [ n ] [ 1 ] ] )

101 i f CL. order ( ) == len ( I L i s t ) :

102 done = true

103 break

104 i f done :

105 pr in t ”Found complete s e t o f CM Points : ”

106 pr in t ZList

107 e l s e :

108 pr in t ” Fa i l u r e to f i nd complete s e t o f CM po in t s . ”

109 e l s e :

110 pr in t ”F does not have narrow c l a s s number 1 . ”
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