GAUSS SUMS & REPRESENTATION BY TERNARY QUADRATIC
FORMS

EDNA JONES

ABSTRACT. This paper specifies some conditions as to when an integer m is locally repre-
sented by a positive definite diagonal integer-matrix ternary quadratic form @ at a prime p.
We use quadratic Gauss sums and a version of Hensel’s Lemma to count how many solutions
there are to the equivalence Q(X) = m (mod p*) for any & > 0. Given that m is coprime
to the determinant of the Hessian matrix of (), we can determine if m is locally represented
everywhere by @ in finitely many steps.

1. INTRODUCTION

One of the oldest questions in number theory is the question of when is an integer m is
globally represented by an integral quadratic form (). In this paper, we focus on when @
is a positive definite diagonal integer-matrix ternary quadratic form, meaning that ) can
written as Q(X) = ax? + by? + cz?, where a, b, and ¢ are positive integers and X = (z,y, 2)7.
We say that m is (globally) represented by @ if there exists X € Z? such that Q(X) = m.

In attempting to answer the question of when is m is globally represented by an integral
quadratic form (), people considered the weaker condition of m being locally represented
(everywhere) by @), meaning that m is locally represented at p for every prime p and there
exists X € R? such that Q(X) = m. An integer m is locally represented by Q at the prime p
if for every nonnegative integer k there exists ¥ € Z* such that Q(X) = m (mod p*).

It is not immediately apparent how one can check that m is locally represented everywhere
by @, because it appears from the definition of locally represented everywhere that one would
have to check if m is locally represented by ) at infinitely-many primes. Actually, it is not
immediately apparent how to check if m is locally represented by () at a given prime p,
because it appears from the definition of locally represented at p that one would need to
check for infinitely-many k > 0 that there exists X € Z? such that Q(X) = m (mod p*).

The definition of an integer m being locally represented by () at a prime p suggests that
we should count how many solutions there are to the equivalence Q(X) = m (mod p*) for
k > 0. We use 7, g(m) to do this counting. For a positive integer n, we define , g(m) as

rno(m) = # {)_(' € (Z/nZ)* : Q(X) = m (mod n)} )

Clearly, m is locally represented by @ at p if and only if r,x o(m) > 0 for every k > 0.
To compute 7, o(m), we use quadratic Gauss sums. Suppose a,q € Z with ¢ > 0. The

quadratic Gauss sum G(g) over Z/qZ is defined by
q

(5)= 5 ()= 2 () -5e(%)

j (mod q
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where e(w) = €*™. Throughout this paper, we abbreviate ™ as e(w). Unless otherwise

specified, in this paper, the term Gauss sum will be taken to refer to a quadratic Gauss sum.
Many Gauss sums have closed-form evaluations. Some of these formulas can be found in

Section 2.
at bt ct
Jel5) o) o)

In Section 3, we show that
k—1
15 —mt
(1.1) rg(m) = — Y e( .
L ——
Given certain conditions on a, b, ¢, and m, we can find closed-form formulas for r, o(m).
As an example, if p is an odd prime, p { abem, and k > 1, we can explicitly evaluate (1.1)

p
and get
1 [ —abem
2k
Tk o(m) =p 1+—( )>7
pQ( ) ( p D

where (—) is the Legendre symbol. Other explicit formulas for r. o(m) appear in Section 3.
p

2. FORMULAS FOR (GAUSS SUMS

For all of the formulas in this section, take a to be an integer. The formulas in this section
are useful in computing r,: o(m). (See Section 3 to see how quadratic Gauss sums can be
used to compute ryr o(m).)

This first sum is not a quadratic Gauss sum but is used to compute Gauss sums and

Ty g(m).

Lemma 2.1. Let a,q € Z and q > 0. Then
ie at\  Jq, ifa=0 (mod q),
— q) )0, otherwise.

Proof. The lemma follows from the orthogonality of characters. 0

Lemma 2.2. Suppose p is an odd prime and a € Z.Then

o()-E0- ()
Ifpta, then
o()-£6)1)

Proof. The number of solutions modulo p of the congruence
t

j? =t (mod p)

t
is 1+ (—> Therefore,
p
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() -5 ()(%)

follows from (2.1) and Lemma 2.1. O

When p 1 a,

Let ¢ be a positive integer. Equations (2.2),(2.3), and (2.4) follow from the definition of
quadratic Gauss sums.

(2:2) G(g) =q.

a
(2.3) G<I> ~ 1.
a 0, if ged(a,2) =1,
2.4 Gl=)=
(2.4) <2> {2, otherwise.

Lemma 2.3. Suppose k is a positive integer, p is a positive prime integer, and a # 0. Let {
be such that p* || a. Let a = ag - p* so that ged(ag,p) = 1. If £ < k, then

23 () =)

Proof. By the definition of a quadratic Gauss sum,

o\ = (a4 A fa pj e
o) = e(3F) = X e(5) = Ze(3)
j=0 Jj=0 Jj=

kf 1

) () :

Lemma 2.4. Suppose k > 1 and p is an odd prime. Suppose ged(a,p) = 1. Then

a e [ @
6(5%) =" (5)

where (—) 1s the Jacobi symbol and

pk

1, ifp"=1 (mod 4),
g —=
"7V, ifpf =3 (mod 4).
Proof. The lemma is a special case of Theorem 1.5.2 in [BEW98] on page 26. U

Lemma 2.5. Suppose k is a positive integer, p is an odd positive prime integer, and a # 0.
Let ( be such that p* || a. Let a = ag - p* so that ged(ag,p) = 1. Then

N[ ifk<t,
G — = Qo
( ) P02 (W) e ik L
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Proof. It k < (¢, then the result follows from the definition of a quadratic Gauss sum.
Suppose k > ¢. Using the definition of a quadratic Gauss sum and Lemmas 2.3 and 2.4,

a ao ¢ (k—0)2 [ @ k+0)2 [ @
G(—> = pZG(—> = pipk=0/ <—> g it = pkHo/ (—) Eph—t. O
P pht pht )P pht )P

Lemma 2.6. Suppose ged(a,2) =1 and k > 2. Then

o(2)-= (%)

where (—) 15 the Jacobi symbol and
a

_J1+14, ifa=1 (mod 4),
Pe=Y1-4, ifa=3 (mod 4).
Proof. See Equation 1.5.5 in Proposition 1.5.3 of [BEWO98] on page 26. O

Lemma 2.7. Suppose k > 2 is an integer and a # 0. Let € be such that 2° || a. Let a = ag-2°
so that ged(ag,2) = 1. Then

ok ifk <2,

(L) =10 ifk=0+1,
k) gkt
02 (_) pur ifk> 041
ao
Proof. If k < £, then the result follows from the definition of a quadratic Gauss sum.
Suppose k=¢+1,s0 k— /¢ =1and ¢ = k — 1. Using the definition of a quadratic Gauss
sum and Lemmas 2.3 and 2.6,

k

_ o
ay aj\ k-1 (a()) B
—) = ) =2 =9 =o.
G(zk) ;e(%) “l7)=0
Suppose kK > £+ 1, so k — ¢ > 2. Using the definition of a quadratic Gauss sum and
Lemmas 2.3 and 2.6,

k—¢ k—¢
AN ot 90N ooz (27 oo (2
G<2k> 2G<2k’—f> 272 ( a )P 2 a )P =

3. COUNTING THE NUMBER OF LOCAL SOLUTIONS

Throughout this paper, Q(X) is a positive definite diagonal ternary quadratic form such
that Q(X) = ax? +by? + cz?, where a, b, and c are positive integers and X = (z,y, 2)T. Recall
that the definition of an integer m being locally represented everywhere by () suggests that
we should calculate r,: o(m), where p is a positive prime integer and & is a nonnegative
integer. Clearly, m is locally represented by @ at p if and only if 7, o(m) > 0 for every
k> 0.

We restrict our attention to m > 0, because given the quadratic form Q(X) = ax? + by? +
cz%, where a, b, ¢ are positive integers, there exists X € R? such that Q(X) = m if and only if
m > 0. The case in which k& = 0 is trivial, because every integer m is congruent to 0 (mod 1),
and Z/Z contains exactly one element. Thus, ry g(m) = 1, and so we only consider k > 1
for the remainder of this paper.
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We also only consider primitive quadratic forms so that ged(a,b,c¢) = 1. The reason for
this is that if ged(a, b,¢) = d > 1, then the primitive quadratic form %22 + 2y* + <22 gives
us enough information to determine which integers are (locally or globally) represented by
the quadratic form axz? + by? + cz°.

By Lemma 2.1,
k1
J (Q(X) —m)t 1, if Q(X) =m (mod p),
(3.1) D e<—k = . )
P D 0, otherwise.
Therefore,
k1
LN~ ((QE) —m)t
52 rratm = 3 Ly e
se@/pzp D =0 P

(az® 4+ by? + cz> —m)t
o

Jo() (o) o)

Equation (3.4) shows that quadratic Gauss sums can be used to calculate r,r o(m). Methods
involving the fast Fourier transform or Hensel’s Lemma can be used to evaluate equation (3.4)
explicitly.

(3.3) - . e(

1pk_1 —mit
3.4 > o
p t=0

p

3.1. Using the Fast Fourier Transform.

The fast Fourier transform (FFT) can be used to relative quickly calculate 7, o(m) for
every m € Z/p*Z. The FFT is a discrete Fourier transform (DFT) algorithm. Let f(t) be
a function from Z/nZ to C, where n is a positive integer. Then the DFT creates another

function f : Z /nZ — C in the following manner:
R n—1 —mt
Fon) = X sre( =)

1
Note that if f : Z/p*Z — C is defined by f(t) = —kG<a—:) G(b—Z) G(c—i), then
p p p p

e qm) = f(m) = pkif(t)e(‘mt) |

k
=0 p
Therefore, the FFT can be used to calculate . o(m) for every m € Z/p*Z.

3.2. Using Hensel’s Lemma.
The following theorem is essentially a version of Hensel’s lemma specific to the quadratic
forms being considered in this paper.

Theorem 3.1. Let m be an integer and p be an odd positive prime integer. Suppose Xy =
(w0, Yo, 20)T € Z3 is a solution to Q(X) = m (mod p*) for some k > 1. If pt axo, p 1 byo, or
p1czo, then Xo = (20, %0, 20)7 lifts to exactly p* solutions to Q(X) = m (mod p**1). That is,
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there are exactly p* solutions to Q(X) = m (mod p*) of the form (zo+x1p", yo +y1p~, 20 +
2ap*)", where xy,31, 21 € Z/pL.

Proof. Without loss of generality, assume that p 1 axy.

We first prove that there exists a solution to Q(X) = m (mod p*!) of the form (zy +
10", yo + 110*, 20 + 21p)T. Because Q(Xy) = m (mod p*), there exists ¢ € Z such that
az? + byt + cz2 = m + Ip*. For some x1,y,,2 € Z/pZ, observe that

(3.5) a(zo + p"w1)* + b(yo + pyr)* + c(zo + p21)® —m
(3.6) = (0 + 2axox; + 2byoys + 2c2021)p" + (ax? + by? + c22)p**
(3.7) = (0 + 2axox, + 2byoyy + 2c2021)p* (mod p**t).
Let
(3.8) x1 = (2aw0) " (—{ — 2byoy; — 2c2021),

where 2ax(2az0)™! = 1 (mod p) <= 2az¢(2axe)~' = 1+ tp for some ¢t € Z. (Note that
(2axg)~! exists since p f 2ax.) Then

3.9)  a(xo +pFr1)® +byo + py1)? 4+ c(zo +pF21)2 —m

(

(3.10) = (0 + 2azox; + 2byoyy + 2c2021)p* (mod p**tt)

(3.11) = (0 4 2azo(2ax0) " (=€ — 2byoyr — 2¢2021) + 2byoys + 2c2021)p” (mod p**)
(3.12) = (04 (1 4 tp)(—£ — 2byoyr — 2¢z021) + 2byoyr + 2c2021)p" (mod p*T™)
(3.13) = t(—0 — 2byoys — 2c2021)p"™ (mod p* )

(3.14) =0 (mod p**)

(3.15) <= a(zo+p"21)* + b(yo + p"y1)* + (20 + p*21)* = m (mod p**).

Thus, there exists a solution to Q(X) = m (mod p**1) of the form (zg + 210, yo + y10*, 20 +
k\T
z1p")".
Conversely, if a(zg + p*z1)? + b(yo + p*11)? + c(20 + p*21)2 = m (mod p*+1), then by
using (3.7), we see that

(3.16) (0 + 2azoz1 + 2byoys + 2c2021)p" = 0 (mod p*™)
(3.17) < (+ 2axox1 + 2byoys + 2¢29z1 = 0 (mod p)
(3.18) < 2axor; = — — 2byoy; — 2¢zp21 (mod p)

(3.19) < 11 = (2a20) H(—€ — 2byoys — 2c2p21) (mod p).

From (3.19), we see that z; € Z/pZ is uniquely determined by the choices of y; and z.
Because there are no restrictions on yi, 21 € Z/pZ, there are p choices for y; and p choices
for z;. Therefore, there are exactly p? solutions to Q(X) = m (mod pF*1) of the form
(w0 + 210", yo + 1p¥, 20 + 21p")T, where 1,91, 21 € Z/p7Z. O

Corollary 3.2. Let p be an odd positive prime integer. Suppose that {(x1,y1,21)%, ..., (Tn, Yn, 20) T }
is the set of the n = 1y g(m) solutions in (Z/p*Z)* to Q(X) = m (mod p*), and suppose

that p { axj, p { by;, or p{cz; for each j € Z, 1 < j < rpug(m). Then there are exactly
roe.q(m) - p* solutions in (Z/p*TZ)3 to Q(X) = m (mod p**) for ¢ > 0. Furthermore, each

of the solutions (xq, o, 20)T in (Z/p*T*Z)® to Q(X) = m (mod p***) satisfies the property

that p t axg, p1byg, or ptcz.
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Proof. The corollary follows from a simple induction proof using Theorem 3.1. U

Theorem 3.3. Let p be an odd prime. Suppose pt m. Since Q(X) is a primitive quadratic
form, p divides exactly none, one, or two of a,b,c. If p divides exactly one of a,b, c, rename
a,b,c toad b, c sothatptadl and p| . If p divides exactly two of a,b,c, rename a, b, c to
a' b, sothatptad,p|b, andp| . Then

( 1/ —ab
p2k<1+—< acm))j if pt abe,
p p

1/ —a't
Tka(m) = ka (1 _ = ( a )) ’ Z'fp)(a/b/ andp ‘ Cl7

P p

!
o (1+ (m)) iFptd,p|¥, andp|c.
\ p

Proof.
Because p 1 m, any solution (xg,%o,20)7 to Q(X) = m (mod p) has the property that
p1axg, pfbyo, or p1czy. Therefore, Corollary 3.2 can be used once 7, o(m) is known.

Case 1 (p1 abe):
Using (3.4), we get

(3.20)

t=1
18~ [—mt t bt t
62 =y 3o 5)re (5)ew (5) o (5)
t=1

abc\ 22/ —mt t
o2 e (%) £(20) ()

p )= \p p

abc\ = [ —mt\ [t 0
394 — %+ pt2(e,)? (_) e ) <_) (since (—) = O)
(3.24) (ep) p ; p p p

b _
(3.25)  =p*+p'%e,)? (%) G(Tm) (by Lemma 2.2)
b _

(3.26) = p*+p'/%(e,)? (a_c) pt/? _m> Ep

p p

—ab 1 (—ab
(3.27) =p*+p < ¢ cm) =p’ (1 + - < ¢ cm)> (since (g,)* = 1).
p p
1/ —
The formula 7,x o = p?* (1 + - ( abcm)) follows from Corollary 3.2.
p p
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Case 2 (ptd't/ and p | ¢):
Using (3.4), we get

JEC)) (-G
’b’) _ (1 1 (—a’b')) (by Lemma 2.1).

p

2k 1—

—ad'l
The formula 7, o = p ( ¢ )) follows from Corollary 3.2.

Case 3 (pta’, p| ¥, and p|c):
Using (3.4), we get

=52 o(2) () o(2)

~

5 p

a —m
=p" + 0" — G(_)

p p

a —m

P p

—a'm

—p2+p2(6p)2( ’ )
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!/

The formula 7,x o = p?* (1 + (a m)) follows from Corollary 3.2. U

p
Lemma 3.4. Let p is an odd prime. Then

1

2()-%()-
prug s (1) -0 5 () -8 ().

From Lemma 2.2 , we know that

o2 o()=5(+()()-5(+()--50)

On the other hand, from (2.2) we know that

(3.29) G<9> )

By setting (3.28) equal to (3.29), we get

5 ()= 50)-

Theorem 3.5. Let p be an odd prime. Suppose that p || m and p{ abe. Then
P’ ifk=1,
Tpk»Q(m) = p2k (1 _ %) 7 ka: 2 2.
p

Proof. Let m = m/p for some m' € Z so that ged(m/, p) = 1.
For the case in which k = 1, the proof is somewhat the same as in the proof of Case 1 of
Theorem 3.3. Equation (3.24) still holds when p | m. Therefore,

o=+ () £ () ()
I (m)tzée ) ( )

1/2 abe\ ¥~ [t 9
=p* +p"() | — b))~ p (by Lemma 3.4).
t=0

Let (o, Yo, 20)" be a solution to Q(X) = m (mod p?). Toward contradiction, assume that
p | axg, p | byo, and p | czy. Since p t abe, xg = z1p, Yo = y1p, and 2y = z1p for some
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x1,Y1,21 € Z. Thus,

axg + byg + czg = a(z1p)® + b(y1p)® + c(z1p)?
= axip® + byip” + czip’
=0 (mod p?).

However, this contradicts the fact that m # 0 (mod p?) since p | m. Therefore, for any
solution (g, 4o, 20)T to Q(X) = m (mod p?), pt axg, p 1 byo, or p 1 cz. Thus, Corollary 3.2
can be used once 1,2 o(m) is known. In this case,

Let t = top™, where 7 € {0,1} and to € (Z/p* "Z)*.

—m/top” atop” btop™ ctop”
rimelm) p+ Z 2 e( p )G( p2)G(p2)G< p2)

=0 toe(Z/p?>~7L)*

1 —m 1’: at bt Ct
4 0 0 0 0
P toez . P p? p? p?

(2/p*Z)

2
1 4 (—m’top) <at0p> (btop) <ct0p)
+ =N e G 28 g 2% o =08
pgtozl p p? p? p?

1 —m/t at bt ct
4 0 0 0 0
=p +— E e( )p( >52p( )52p< )52
P welmny N P AN AN
1 i , CLtO bto Cto
+ = E e(—m'ty) p*/? (—>€p3/2 (— ep?? (= e
P2 ( ) D P D P D P

to=1

e 5, ) (B )

to€(Z/p2Z)* to=1

4 —m/to
=p +0p Z e (by Lemma 3.4).

toe(Z/pT)" p
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Now tg can be rewritten as tg = t1 + top, where 1 <t; <p—1and 0 <t, < p— 1. Thus,

riq(m) =p' +p § pz_i e(M)

p

=p'—p’ (by Lemma 2.1)

1

The equation 7 o(m) = p** (1 - —2> for k > 2 follows from Corollary 3.2. O
p

Theorem 3.6. Let m be an integer. Suppose Xy = (Zo,Y0,20)7 € Z3 is a solution to

QX) = m (mod 2%) for some k > 3. If 2t axg, 2 1 byo, or 2 1 czo, then there are exactly
32 solutions to Q(X) = m (mod 28+1) of the form (wg + 28wy, yo + 25 1yy, 20 + 2871297,
where x1,y1, 21 € Z/AZ.

Proof. Without loss of generality, assume that 2 t axg.

We prove that there exists a solution to Q(X) = m (mod 28+1) of the form (z¢+2%"121, yo+
281y, 29+ 287 12)T. Because Q(Xy) = m (mod 2%), there exists ¢ € Z such that ax3 + by +
cz2 =m + 2%(. For some z1,y1, 21 € Z/4Z, observe that

(3.30) a(zo+ 25 w1)? + b(yo + 2" ) + e(z0 + 281 2)? —m
(3.31) = 2%(0 + axoxy + byoys + czo21) + 22]“_2(&30% + by? + cz)
(3.32) = 2%(0 + axox) + byoyr + c2021) (mod 27,
since k > 3.
Let
(3.33) x1 = (azo) H(—€ — byoyr — c2021),
where azg(axg)™t =1 (mod p) <= awg(arg)™! = 1+2t for some t € Z. (Note that (axy)™*

exists since 2 1 azy.) Then

(3.34) a(mo + 257 ) 4+ blyo + 25 M) ez + 281 2)2 —m

(3.35) = 2%(¢ + amozy + byoys + czo21) (mod 2FH1)

(3.36) = 2%(0 + azo(azo) ™ (— — byoyr — cz021) + byoys + czoz1) (mod 2F1)
(3.37) = 20+ (1 + 2t)(—€ — byoy1 — c2021) + byoys + c2021) (mod 25+

(3.38) = 2M U (—0 — byoyy — c2021) (mod 2FF)

(3.39) =0 (mod 2F1)

(3.40) — a(xg + 2" ) 4 b(yo + 27 1y1)? + (20 + 2771 21)? = m (mod 28T,
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Thus, there exists a solution to Q(X) = m (mod 2%1) of the form (zo+28 12y, yo+2*"ty1, 20+
2k712’1)T.

Conversely, if a(xg+ 25 21)2 4+ b(yo + 25 1y1)? + (20 + 2871 21)? = m (mod 28+1), then by
using (3.32), we see that

(3.41) 28 (0 4 axozy + byoys + c2021) = 0 (mod 2F+1)
(3.42) < (+ axoxy + byoy: + czoz1 = 0 (mod 2)
(3.43) < axor; = —{ — byoys — czpz; (mod 2)
(3.44) < 11 = (azg) " (—€ — byoy1 — cz0z1) (mod 2)

From (3.44), we see that x; € Z/pZ is uniquely determined (mod 2) by the choices of y;
and z;. However, x1 € Z /47, so there are exactly 2 choices for x; once y; and z; have been
chosen. Because there are no restrictions on yy, 21 € Z/4Z, there are 4 choices for y; and
4 choices for z;. Therefore, there are exactly 32 solutions to Q(X) = m (mod 2F*1) of the
form (xg + 287 Lay, yo + 2871y, 20 + 287 121)T, where 21,41, 21 € Z/4Z. O

Corollary 3.7. Let k > 3. Suppose that {(z1,y1,21)%, ..., (Tn,Yn, 20)T } is the set of the
n = ror o(m) solutions in (Z/2Z)* to Q(X) = m (mod 2*), and suppose that 2 f ax;, 2 1 by;,
or 24 cz; for each j € Z, 1 < j < rorg(m). Then there are exactly rox o(m) - 2% solutions
in (Z/2"*7)3 to Q(X) = m (mod 2¥*) for ¢ > 0. Furthermore, each of the solutions
(w0, Y0, 20)T in (Z)28Z)? to Q(X) = m (mod 28+Y) satisfies the property that p { axy,
p1tbyo, or pfcz.

Proof. The corollary is clearly true when ¢ = 0.

Let n = 7o g(m). Assume that there are exactly 2*n solutions in (Z/2"Z)? to Q(X) =
m (mod 25 for some ¢ > 0. Let {(z1,y1,21)7, ..., (20, Yo2e,,, 202¢,)T } be the set of the
22tn solutions in (Z/2%7Z)3 to Q(X) = m (mod 2*%). Assume that p { ax;, pf by;, or pf cz;
for each j € Z, 1 < j < 2%n.

According to Theorem 3.6, for each solution (x;,y;, 2;)" in Z/25Z to Q(X) = m (mod 2~),
there exist 32 solutions to Q(X) = m (mod 2¥*!) of the form (4212l 4251yl 24

MY where o, yf), 2 € Z/AZ. Since 2 { ax;, 21 by;, or 21 cz;, clearly

21a(x; + 2k+£_1x;) =ax; + 2k+€ax;-,

21b(y; + QkH_ly;.) = by, + 2k+€by;, or
21 c(z; + 2k+€_12}) =cz; + 2k+eczg-.

Let 1 < j1,j2 < 2%n. Suppose that

Tj, + okl = T, + ok =1y (mod 2FHY),

J J2
Yi, + 2k+£—1y;1 =y, + 2k+€—1y;2 (mod Qk-‘rf-‘rl), and

) k+0-1_1 _—_ k+£—1 1 k+041
zj, +2 Zy = zj, +2 z;, (mod 2 ).
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Then

le _’_2]€+Z 1 ;1 = xj2 +2k+f ICC/ ( d 2k+£+1)
= (5, —xj,) + 2" ) = 0 (mod 2F)

) = 2" for some t € Z

2k+571)'

/

Lj = Tjy
= (wj, — ) + 25N 3
2k+€71 ‘ (

]1

Ljy — sz) = Tj = Ty (mOd

As shown a similar manner, y;, = y;, (mod 2¥"71) and z;, = z;, (mod 2F+¢-1).
Conversely, suppose that

zj, = rj, (mod 2F1)
Yir = Y (mod 28771, and

zj, = 2j, (mod 281,

9

Then there exists t,,1,,t., € Z so that
z;, = x, + 25,
Yi, = Yy, + 287, and
zj, = zj, + 25
Let Syie11, be the set of the 32 solutions to Q(X) = m (mod p*+**1) of the form (x; +

2k+é—1$/ y]_'_2k+€—1y;’z +2k+£—1 /)T 1< ] < 22€n_ Let (xj1+2k+£—1x917yj1+2k+f—1y9172j1+
Qk+-1 ’ ) € Sk+e41,4,- Observe that

Ty 2 = gy 2 4 28l = g, + 28N+ ),

yi + 27y =g, 28 28N =y, 288y + ), and

k=11 _ kt-0—1 k-1 ' k-1 /
2 + 2 Zi = 2 + 2 t.+2 2 = zj, +2 (t. +2j,).

k=1 k-1 k=11
Therefore, (xj, + 2 Tjs Yjr + 2 Yoo 2y + 2 2i ) € Skier1gy, and Skyey1

Sk+e+1,4,- It can be shown in a similar manner that Siysi15, € Sktetii> SO Sktet1

)T

1N

Skte+1,4-
In short, if 1 < j1,jo < 2%n, then

Skte+1,51 N Sktg1,jy =

o . _ _ _ kt+0—1
Sk+f+1,j1 - Sk+€+17j2’ if Tjy — Tjy = Yj — Yjo = 2j1 — %y =0 (mOd 2 )7
0, otherwise.

Given a solution in (x;,,9;,,2;,)7 in (Z/2*"Z)3, there are only 2 choices for in z;, €
Z)2**Z where x;, = x;, (mod 27¢1) only 2 choices for in y;, € Z/2¥"*Z where y;, =
y;, (mod 28+=1) "and only 2 choices for in z;, € Z/2"Z where z;, = z;, (mod 2*71). Thus,
there are 8 solutions in (Z/2"Z)3 of the form (z;,vy;, 2;)" such that Sgirr1; = Skter1-
This means that every solution to Q(X) = m (mod 2**') of the form (z; + 2" 'af, y; +

2Mhyf 2 + 28120 is counted 8 times. Therefore, there are 22n - 32 = 2% . 22 = 225y

solutions to Q(X) = m (mod 2F*1). By the principle of mathematical induction, the
corollary follows. 0
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