MOMENTS OF L-FUNCTIONS ASSOCIATED TO NEWFORMS OF
SQUAREFREE LEVEL

DAVID BURT

ABsTrRACT. STILL TO DO!

CONTENTS

1. Introduction 1
1.1. Preliminaries on Modular Forms and Trace Formulas 1
1.2. Preliminaries on L-functions associated to newforms 2
2. Proof of Approximate Orthogonality 4
3. Chebyshev Polynomials and Coefficients 6

4. First Moment 9
4.1. Poisson Summation in One Variable 11
5. Second Moment 16
6. Poisson Summation in Two Variables 18
References 22

1. INTRODUCTION

Moments of L-functions provide a powerful tool for studying arithmetic information.
They have been used to study the nonvanishing of L-functions at the central point and
subconvexity as well as other analytic properties of L-functions.

1.1. Preliminaries on Modular Forms and Trace Formulas. Let #;(gq) denote the
space of all newforms of squarefree level ¢ and even integer weight . It is well known that
this is a subspace of the (finite) vector space of modular forms of level ¢ and weight k.
Further, when equipped with the Petersson inner product (f, g) := f% EY" f (z)@digy
A key tool in studying modular forms are trace formulas. Notably, the Petersson formula
gives an orthgonality relation for fourier coefficients associated to modular forms that form
a basis, for S,(q), the space of all cusp forms of weight « and level q.
1
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Let B be an orthogonal basis for S;(¢), then define Ay(m,n) =c, > Afﬁij;{(n) where
fenB
I'(k—1)

Ch = [@me=T By the Petersson formula, (regardless of our choice of B we have,

Ag(m,n) =0(m =n) +2mi" " Z S(m,cn; J -1 (47r\gm7n> ) (*)

c>0
c¢=0(q)

where S(z,y; c) denotes the Kloosterman sum, and J,_1(z) denotes the J-Bessel function
of order k — 1. For a proof of the Petersson Formula, see [5].
Let Aj(m,n):= 3 W The starting point for this paper’s calculations is the
feMile)
following orthogonality relation for newforms of squarefree level ¢, which do not generally
form a basis for Si(q), due to Petrow and Young [9]:

N wu(L) UV N((uus) )
Aq(m, ’I’L) = Z V(L) Z 2 Z Cg dl C[ d2 Z (u v) W
LM=q é|L°° dy,da u|(m,L) (u,v)?
v|(n,L)

Z Z AM(m7n)> (**)
al (s fuwy) €11(d1 o)
b‘(u (1/,11)1))62‘(d27?(u7v)

where ¢y(d) is jointly multiplicative and c,n (p’) = ¢;,, with ¢;,, such that

n
X
"=Y aali(3),
i=0

where U, () denotes the n'* Chebyshev polynomial of the second kind.
Define,

w(L) 1 wv  H( (uqf:,))z)
Aq(n, m) = V(L) Z y(ﬂ)Q Z Cg(dl)Cg(dQ) Z (u ’U) W
Llq £|Lo° dy ,dalt ul(m,L) * (u,v)?
v|(n,L)

al (2 ) (01, )
b may) e2 ‘(d27b2(u,v))

By applying the Weil bound applied to the Kloosterman sums and the bound J,_1(z) <
min (1, z), we see that Ay(m,n) — Ay(n,m) = O,.g(q*HE(mn)%*'E).
The first main result of this paper is the following explicit formula for A,(n,m).
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Theorem 1.1 (Approximate Orthogonality of Newforms). Let m = [[p™ and n =[] p™,

P p
then
mi+ng . .
@ IT > p 2 [[0(mi=mni) if mn is square,
Ag(n,m) =4 — Plansn i
0 otherwise.

1.2. Preliminaries on L-functions associated to newforms. To each newform, we
can associate an L-function in a natural way. In particular, let f € H}(¢q) and consider

o0 e
the Fourier expansion of f, so f(z) = > )\f(n)nfe(nz). Then to f we associate the
n=0

L-function,

B )= 3 A S (1 20 ey

S
=0 » p p

where o is the trivial character (mod q).
This series converges absolutely for s > 1, and can be extended to an entire function.
Further, we define the completed L-function,

S—}—L_l

q 2 k—1

Mef) = ()7 pl+ S, )
s 2

which satisfies the symmetric functional equation, A(s, f) = efA(1 — s, f) where e = £1

is the root number of f. The average value of L(%, f) at the central point is the focus of
this paper. Precisely, define

t
1
M((Jfl),OAQ,...,at = Z waL(i +ai7f)7
feHila)  i=1
where wy := ﬁ Then the following two theorems giving the asymptotic for M? for t = 1,2
are the main results of this paper:

Theorem 1.2 (First Moment). Let o satisfy |Re(a)| < & and for all e > 0, Im(a) < ¢~
Define v = min(0, Re(«)) then

¢ 1 e
Mgl) _ EJQ) H ((1 _p_(2+2a)> +0(q 1—y+ ).

plg

where the implied constant depends on k and e.

Theorem 1.3 (Second Moment). With wy as before and o, B shifts with real part less than
1/2 in absolute value, and imaginary part bounded be q° for all € > 0 then for any e > 0,
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we have

M(Z) o(q) (C(l‘i‘ +8) H (14 p 279" /3)(1 p—l—a—5)+
plq

B = q — p20Fa))(1 — p-2(1+A))

2(a+p) K —24a _ 1+
(27r> ) T(a+ 5B+ %) C(l—a—ﬂ)H(ler 2ratfy (] — p= It +ﬁ)>+

(- + §)(-5+5) L= prai=a)) (1 = 20D

O(qféfmin (Re(a),Re(ﬁ))Jre) (2)

where the implied constant depends on k and €.

Duke [4] was the first to compute the first moment and obtain an upper bound on
the second moment at the central point for L-functions associated to newforms, with the
restriction of prime level and weight 2. Akbary [1] obtained the same result for general
weights. Kowalski, Michel and Vanderkam [7] were the first to obtain an asymptotic for the
fourth moment and used a mollified moment to prove a positive percentage of nonvanishing
at the central point. Rouymi [11] generalized the work of Duke by obtaining asymptotics for
the first three moments for arbitrary weight and prime power level. Balkanova [2] obtained
an asymptotic for the fourth moment in the case of prime power level. In this paper, we
generalize previous results in a different direction, by obtaining asymptotics for the first
two moments with arbitrary weight and squarefree level. [3] conjectured asymptotics for
all even t. However, Theorem 1.3 does not agree with their conjecture, as it appears they
omitted the arithmetic factor coming from primes dividing the level. Following their recipe
for conjectural moments utilizing 1.1 could give improved conjectural moments for even ¢.

2. PROOF OF APPROXIMATE ORTHOGONALITY

We first note that A,(n,m) is jointly multiplicative. Further, note that A;(p™,p") =
d(m =mn), so it is suffices to prove the following lemma:

Proposition 2.1. Let p be a prime, and m,n nonnegative integers then

op) =5 m=n (mod 2
Amwwwz{pp (mod 2),

0 otherwise.

The first case can be proven directly using properties of the Ay. In particular, it follows
from the complete multiplicativity of Fourier coefficients at primes dividing the level and
the work of Winnie Li, [8] who showed that for primes dividing the level, |A(p)| = \[, then
taking limits appropriately so that A7(m,n) converges to Ay(n,m). However, we instead
work directly from (**). We first prove Proposition 2.1 contingent on the following two

lemmas:
Lemma 2.2. For m > n > 0, define

Sg m n Z Z Cdl’gcd2,5(5 (m + dl - 261 =n-+ dz — 262).

d1,d2<l e1<min(d;,m)
e2<min(dz,n)
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Then,
2 20 _
m—n - m—n m=n mOd 2 9
Sg(m, n) — (E—T) (Z—T—n—l) ( ) (3)
0 otherwise.
Lemma 2.3. Let a > 0 an integer, and |z| < . Then
R =30 () - S @)
e — k V1i—dz
In particular, if © = o H)Q with p > 2, the RHS simplifies to fpﬂl);;l.
Proof of 2.1. From its definition, we have
1
A,(p™, p") = 6(m = n)—m(Bo 0,0,0(m,n)+d(n > 0)B11,0,0(m,n)+6(m > 0)By,0,0(m,n)+

6(m > 1)By,,0(m,n) + 8(n > 0)Boo0(m,n) +6(n > 1)Boo1(m,n)), (5)

where

u-+v—2 min (u’,v’) )

o)
/ VA 1o ,U,(p
Buv a’b’ mn E ( ) E pu+v min (u',0") -
/+ ) ( /7 /)
= p_|_ 1 drdact I/(pu v min (u/,v )

Z Cdlygcd27g5<m—|—d1 —2((1’4—61) =n-+ds —Q(b/+€2)).
e1<min(d;,m—2a’ —min(u’,v"))
e2<min(d2,n—2b' —min(u/,v"))

Under the change of variables m — m — 2a’ — min(v/,v') and n — n — 20’ — min(v/, v'), we
have

' +v’' —2 min (u’ v’
u/+v'—min (v’ V") :U'(p ( )
V(pu’+v’f2 min (u’,v’))

By way =P Bo.,0,0,0(m—2a'—min(v,v"), n—2' —min(v/, ")),

so that (5) becomes

A, (™, p") = o(m, n)—h(B(m,n)%—(s(n > O)pB(m—l,n—l)—Z%é(m > 0)B(m,n)—
]%5(7;1 > 1)B(m — 2,n) — %5@ > 0)B(m,n) — %5@ > 1)B(m,n — 2))

o0

l
with B = By,0,0. We have B(m,n) = ) <ﬁ) S¢(m,n), which by Lemma 2.2 and
=0

applying Lemma 2.3 to each of the resulting binomial coefficients under a suitable change
of variables gives Lemma 2.1. O
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Proof of 2.3. We begin with the identity > 72, Z] 0 ( )x Yy = 17;7%, which is a direct
consequence of the binomial theorem and geometric series formula after interchanging sums

(the inner sum being finite). Then,

Fo(z) =) (% * a) ZZ < > 2*6(4,2k + a) = 211 z; (‘2) xk/vz—l-ﬁ-(%—ka—j)dz,

k k=0 j=0

where v is a circle centered around the origin of radius r = % After interchanging the
order of summation and integration, and applying the geometric series formula, we have,

1 a
F(z) = ,/Zdz.
Y

o2 ),z —1—x22

Note that for z inside the curve, and by our assumption that |z| < 1/4 we have |1/z+xz| <
2|z —i—% < 1 so the geometric series converges. By our assumption that a > 0, and z < 1/4

we have a single pole inside the circle at z = Hé@. This gives a residue of,
(I=vI=Tzya
VI—dz
as claimed. 0

To complete the proof of the orthogonality relation, it remains to prove Lemma 2.2, the
proof of which will be the contents of the next section.

3. CHEBYSHEV POLYNOMIALS AND COEFFICIENTS

In proving the explicit formula for the Sy(m,n), (2.2), we need several basic properties
of Chebyshev polynomials which we gather in the next few lemmas.

Lemma 3.1 (Product Rule for Chebyshev Polynomials ). For integers m,n > 0 we have,

min(m,n)

Um( Z Um+n 26 )

Lemma 3.2 (Orthogonality of Chebyshev Polynomials). For m,n integers we have,

? L T 2
/_2 Un (5) 0 () jr\/:dm = §(m=n).

Lemma 3.3 (Integral Representation of Catalan Numbers). For integer n > 0 we have,

Cni= (2:> B <n—1> zw/

The proof of 3.3 follows from rewriting the Catalan number as a ratio of gamma functions.

dx
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Lemma 3.4 (Integral Representation for S¢(m,n)). For m >n >0 the S¢(m,n) have the
following integral representation:

Se(m,n) = /:_2 Un (g) Un (%) l‘%% 1-— szx.

x x
Z Cdl,écdz,ZUdl (5) Udg (5) 9

d1,da <t

i (3) 0 (2= 3 et (5) 0 (5) 0 (5) 0 (5)

dy,d2<t

Proof. We have,
S0

Using Lemma 3.1,

() Y S st () ()

d1,d2<{ e; <min(m,d1)
e2<min(n,ds)

Integrating both sides from & = —2 to 2 with respect to the measure du(z) = %\ /1 — ﬂ—gdm,
and using Lemma 3.4 to simplify the RHS,

[ Gy (5) 1= e simn )

Lemma 3.5. For m > 0 even and integer £ > 5 the following equalities hold:

2 T 1 x2 20 20
Un () 22 =4/1 = Z—da = -
/_2 (2)9” VT (e—g) (e—’g—l)’
2 1 72 20 20
20+1
m /1 - "da = -
/2U +1<2> - 1 (f-ﬂ;) (z—g—2>

Proof: We proceed by induction on m using the recurrence Uy, (%) = zUpt1 (%) —
Unmn (%) . We therefore need to establish the two base cases when m = 0 and when m = 1.
Base Case 1: m =10
Taking the change of variables = = 12,

2 J—
o= [ e [ n () (%)

Base Case 2: m =1

2 1 14—y 2042 20 42 20 20
ol fy o2 L Ya - = — .
[ tpae= g [ ta=cn= () -(77) = (7))

and
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Even Inductive Step:

2 2 2 2

T T\ 901 T <x 2041 1 T
ml=)Unl= —\/1— —dx = m—1{= —\/1——d
/36_2U <2>U (2)9” 7 T /_2U ! 2>x VT

giving the claimed equality.

0Odd Inductive Step:

2 1 2 q: x 1 x2
Um 2£+1 i / Un 2042 ~ — 24
/QC__2 “ e 2) (2) 7 1Y
2
E 2£+11/ x?
+/x_ 1(2 4
()G -Gy +( )
-2 41 (-2 (-2 +1 0 — %—
20 )
ol () B P

From Lemma 3.1 applied to Lemma 3.3 we have Sy(m,n) = Zz;:—n,d oven S0(d,0) and
the case for general n follows from noting the series

mi" 20\ 2
(- (—m_1)

d=m—nd even

t 1 t gnefn - m2en .
e esc'op‘es o (z.— E ) (g_ + _1) ‘
It is interesting to note the ¢; ; are linked to the Catalan numbers, a sequence defined
n

recursively by Cp = 1 and C,, = > C;C,_;. The Catalan numbers can also be viewed
§=0

as the lead diagonal elements in Catalan’s Triangle (See Fig. 1). Catalan’s triangle is a
triangular array defined recursively, where the left most column is identically 1 and each
entry is the sum of the entry to its left and the one above it (if there is no entry above it,
it is simply equal to the entry to its left).. Then we have c; j = a(;y;)/2,(i—j)/2 Where a, . is
the entry in the n'* row and k** column of the Catalan triangle. The entries in Catalan’s
Triangle encode a variety of combinatorial information. See [12] for an extensive list. For
example, a,  is equal to the number of paths below the line y = z on an integer lattice
from the origin to (n, k) in which one can only move up and to the right.
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1

11

1 2 2

13 5 5

14 9 14 14

1 5 14 28 42 42

1 6 20 48 90 132 132
1 7 27

75 165 297 429 429
FIGURE 1. Catalan’s Triangle (equiv. Catalan’s Trapezoid with n=1)

1

3 3
6 9 9

10 19 28 28

15 34 62 90 90

21 55 117 207 297 297

— = e e

1
2
3
4
)
6

FiGURE 2. Catalan’s Trapezoid with n=3

A natural generalization of Catalan’s triangle is Catalan’s trapezoid, in which the top
row is a sequence of n 1's, and where the same recurrence relation is satisfied. In this way,
Catalan’s triangle is simply the first Catalan trapezoid. Then we have that Sy(m,n) =
Cry1(0+ 257, 0 — M=) where C;(j, k) denotes the entry in the j'* row and k™ column of
the i*" Catalan Trapezoid. This can be proven directly via showing the boundary conditions
are satisfied and the Sy(m,n) satisfy the same recurrence as Catalan’s trapezoid, though
the proof is somewhat more involved and less intuitive than the proof given here for the
explicit formula for the Sy(m,n). It is interesting to compare Lemma 2.2 and [10, (3.4)],
which links a different form of iterated sums to the Catalan Trapezoid.

4. FIRST MOMENT

The main ingredients in the calculation of the first moment will be an asymmetric
approximate functional equation for L(s, f) and the approximate orthogonality relation.

Lemma 4.1 (Theorem 5.3 [6]).

o0

L(%+a,f) = M)y, (ﬁ)+ef (f)a F(UZ Tt i Aﬁ(”) Vi <”j> — 8514

1+a 2Ta\ X

n=1"T
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where . G(s)d
s s)ds
V() = 9 " x %gu(s) P
(1 —u+ 5L
guls) = 2,
I(u+%57)

and ey = £1 is the root number of f, and G(s) is an even, entire function of not more than
polynomial growth.

We follow Duke [4] in taking X = ¢! so that the second term is small compared to the
first to avoid the complexity introduced the root number.

Corollary 4.2 (Dirichlet series for Ay(n,m)). Let m = Hpmi and n = Hp"i,then

Ag(n,m) _ ¢(q) (1+p‘1‘ (L =pT )
; wmt g C(S+“)H(1 p— D) (1 — p—(urD)y’

Proof of Corollary 4.2. We have,

PETGIORRCCY i SRE AR | § it e

n,m n,m n,m
’ plq n+m even p’[q

The second part of the equation is simply a geometric series. Splitting the first part of
the equation into the cases based on the parity of m and n and noting that the resulting
sums are the same under the change of variables, m — m + 1,n — n + 1, then applying
the geometric series formula gives,

Aq(n:m) _ ¢(Q) —1—s—u 1 1 1
Z nsme q H(l +Dp )1 _ p—(2s+1) 1 _p—(2u+1) H 1—ps—u

™, plg plg
The claimed formula follows from factoring out a ((s+wu) which agrees with the formula
at primes not dividing the level. O

Corollary 4.3. Let n =[], p". Then,

Ay(n, 1) 9(9) 1
Z ns - q H(l_p—(2s+1))

n>0 plg

Proof. This follows from Corollary 4.2 taking the limit as © — oo in the real direction. [

Recall, MS) = Y w¢(S1+S2). The main term will come from S; which we consider
FEHT(a)
first. We have,

Z wf51:ZAq(njl)—l_gq(n?l)V(ﬁ)=A1+51-

%—i—a—i—s X
feH; () n>0 "
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Lemma 4.4. We have,

A = ¢(q) 11

q
plg

]‘ —1l—hela €
((l—p_(2+20‘))>+0(q 1—Re( )+)'

Opening up the definition of V' gives us,

-5 G(s)ds
2m/ Z_: n3to ( ) s
where we take X = ¢'*¢

By Corollary 4.3 evaluated at % + a + s, this becomes

1 ¢(q) 1 s G(s)ds
2mi g /<3> g <(1 - p—@“a*%))) (@) s

Shifting contours to (—1 — Re(a) + €) we pick up a residue at s = 0. We then may write,

Ai=R+J

where

w= S (e )

plg

g iqﬁ(Q) / 11
21 g (—1—Re(a)+e€) bla

s G(s)ds

(gt ) 65

Since for s on this line, we have

‘H( —p~ (2+a+s >‘<q€'

We conclude,
J= O(qflfRe(a)+6)‘

Finally, Sy = O(¢~'%°) using that for all A, V(1/2) <4 (1 + 2)~4. This completes the
proof of 4.4.

4.1. Poisson Summation in One Variable. The following two lemmas of [9] that allow
us to bound sums of the ¢4(¢) will be essential.
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Lemma 4.5 (Theorem 7.1 of [9]).

L) UV M(uv2)
Sitmn) = 3 UE Y s 3 vt 3 B

LM=q Z|L°° dy,da ¢ u|(m,L) (u,0)?
<Y v|(n,L)
mdy do _9
A 0] Y)¢qY —270
mz, 2 ! (aQe%(u,v) " b2e3(u, v)) + Ollmng¥)'q )
a3 uy) e1l(dr, o2=5)

b|( 7(11:11 )€2|(d2’b2(u,v))

where vy = hiié%?) — % In practice, we see that this error term can be made small if we

take Y to be a sufficiently large power of q.

and

2
Lemma 4.6. Define S(L,Y) = >_ u($)2 <Z Cg(d)d1/2> Then,
oo e
<Y

S(L,)Y) < Y*.
This is [9, 6.14].
By applying Lemma 4.5 and Lemma 4.6, pulling the resulting sum through up to the
sum over n, and using that for n > ¢'7¢, we have rapid decay from V we get,

[e.9]

1 L) w)
ek (L) “
&1 = 2mi Z nl/2+a Z I/(L) Z 2 Z Cg dl Cf d2 Z u Z

n—1 LM=q qze VN ol ul(n,L) bl (5w

<y
S(n/, 1, c Am/n! n
> > s () Vi () ottaryar =,
€2|(d17 )C U 0

where n/ = %. The main goal of this section is the following proposition:
2

Proposition 4.7. Let v = max(0, Re(a)) then,
& =0(qg ).

Via elementary arguments following Section 8 of [9], we have

&= omik Z Z 0 Z ce(dy)eq( dg Z

LM= q K\L"O di,da|l a|u
<Y

Z Z Z 5n,1,c T (4#@) V%Jr <q1n+5> +O((qY)Sqy —21)

ei|ldi 0<n_c=0(M
n=0(D) c>0
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where D = au—Lr.
(elrg)

Simplifying a bit further, let A = dlu(el’“) , Then,

ae

& = 2wk Z Z 0 Z ce(dy)ce(dz) Zu—zz 25'4—0 (qY)qY ™ 270)

LM= q €|L°° dl,dQ‘Z a|u el\dl
<Y
where
An,l,c 47/ An v Dn ek
-y Sl (VA (DY e
c=0(M)n=1
c>0

Proposition 4.8. With S’ as in (***),
S = O(M_l\/ZQ_V-i-e)
For ¢ > Mq we have via the Weil bound

_3 _ q¢
Sl +€ A 100 2 VA
< Y Y VAt o3 )<<M\f,
c=0(M) n<qlte
c>qM
which along with Lemma 4.6 gives the claimed bound. It remans to consider ¢ < Mgq.
We apply a dyadic partition of unity so that wy(z) is compactly supported on [N, 2N],

Yoywn(z) =1 and w%)(x) < N7J. We then write S’ = ) Sy ¢ LSe(N). where

qM>c>0
1 4rv A
Se( ZS An,1;¢)—— ara Je ( Fc n) wn(n).
n=1

Proposition 4.9. With S’ and v = max(0, Re(«)). as before,
S = q_7+€M_1+€A%+€.
This follows immediately from the previous lemma summing S.(N) over all dyadic N

up to height ¢'T.

The S.(N) meet the criteria for Poisson summation, so we have
Se(N) = " aa(k;e)ra(k;c).
keZ
with

Z -S(Ax,1;¢) (kx>

z(c)
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and

alkic) = /J“_l <4ﬂm> wN(x):c’l/2*°‘e(kﬁ)dx

c c
0
We next need the following lemmas that bound the components of S.(INV).

Lemma 4.10. For integer A, k,c we have,
laa(k;c)] < (A, c)

P?"OO?. Opening the Kloosterman sum we have
C '

The sum over x vanishes unless Ay = —k(c). in which case it gives a factor of c. This

implies (A4, ¢)|(k, ¢), and so ﬁy = —(/ﬁc) ((AC’C)> . But then,

v=~(g)mg e (@)

There are at most (A ¢) such y We conclude |aa(k;c)] < (A,c). Note that if £ = 0 we

are left with > Z (szfry) which vanishes since Ay # 0(c), since y is a unit and A is
() y(o)

coprime to ¢, because A|L, Lis coprime to M, and M |c. This gives that ¢ fAorc=1. O

We need a definition and Lemma from [9] to bound the stationary part of the Fourier
transform. We say that a family of smooth functions on Ri, {wr}rer is X-inert for some
X >0if for all j={j1,...,74} € fo_ we have,

i L~ yjitetia
lwp (21, - .. 2q] < T ’

Lemma 4.11. Suppose w is a family of X -inert functions with compact support on [Z,27],
so that wU)(t) < (%)_J. Also, suppose ¢\ (t) < ZJ for' Y > X2Q°, Let

1= [ weto).

If ¢/ (t) > for all t in the support of w, then for arbitrarily large K > 0 we have,
I<kg QX (6)
If &' (t) > % for all t in the support of w, and there exists a ty € R such that ¢'(t) =0
then
e(¢(to)) K
= F(to) +0(Q™ ). (7)
¢l/(t0)

where F is X -inert (depending on K ) and K can be chose to be arbitrarily large.
This is Lemma 10.2 of [9].
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Lemma 4.12. For T > 0,
—100
—Re(a) NVA e |k N -1
N =2 (1 + c>»T Azx

—100
NRelo) e (1 + "“\'/\/Zﬁ> c< T WAz

ra(k;c) <

We take T = ¢°

Proof. Case: ¢ > T~ '/ Azx. We will have T = ¢¢. In this range J._; (47”/“T$) ~ 47“/’4Tm,

C

and J,gjjl( ) <, min (1,y77) so that

ra(k;c) = N~Re(@ /hN@ ( kf”) da.
C

=0

: v j
where h) « g<¥4N (T(lj\r]‘ab) . Further, hy o(z) is (1 4 |a) is X-inert. (6) along with

our assumption that [Im(«)| < ¢¢ gives the claimed bound.

Case: ¢ < T~V Ax. )
In this range, J,_1(4dwy) = y~ 2 Zi (—2y) gk, +(4my) where g(j) (41y) <, y 7. Taking

Yy = F , we have r4(k;c) = m [ (iQm KLYy, (2)dz, where w satisfies
the same type of derivative bounds as w. For k =< % \/\/1:\/’ we have the asymptotic from

Lemma 4.11 (regardless of whether the stationary point is in the support of the weight

function),
2
ra(k;c) = N—R@@ﬁ +0 (q‘mo <|k’f/ﬁ> ) :

On the other hand, if k is not in this range, then the function is oscillatory and (6),
~100
c2 VAN  |k|VN
—— | (1 +]a]) +
(AN)z N« ¢ ¢
We unify these bounds (using our assumption |a| < ¢¢) with

KV ~100
VA

ra(k;c) <

ra(k;c) < N_Re(a)ﬁq6 (1 +

0

Proof of Propostion 4.9. We now sum our estimates for S.(V) in the two ranges of ¢. This
gives

) B k[N 100 s
1 . 1 -2 € ’ —Re(a) A g—1+4€ g 5+€ e
E ¢ S(N) < VAN E c g (A, c)M 1+—C <N M A2TECe,

T-1VAz<c<C ¢ k#0
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and
\/N —100
Z C—ISC( << \/>N IZ —IZ (1 + ’m‘ > < N_Re(a)M_1+€A%+ECE.
c<T-1\Ax ¢ k#0 \/Z

It remains to check the case when k = 0, in which case a4 (k;c) vanishes unless M =1
and ¢ = 1. In this case, as(k;c) = 1 and we are necessarily in the range when the Bessel
function is oscillatory, so we have the bound r4(k;c) < N *Re(a)ﬁqﬁ. It with ¢ =1, it is
clear this bound is sufficient. g

Plugging this estimate back in we are left with,

|51| <<(]_1_7—"_E Z Z 2 Z Cg d1 Cg dg ZU*UZZA +€.

u
LM= q€|L°° d1,d2|€ a|u 61|d1
<Y

dlu(el,%)
aey

1 P
&1 < ¢ 7+€Y€§ : E: T? §: co(dr)e(do)(d1)2 + O((qY)eqY ~20).
Liq £|L°o dy,da|l
<Y

Recall A =

. So,

This is bounded by ¢~'~7*€ via an application of Lemma 4.6.

5. SECOND MOMENT

Again, the primary tools for studying the second moment will be an approximate func-
tional equation, as well as Corollary 4.2.

Lemma 5.1 (Approximate Functional Equation). For a, 3 shifts with real part less than
1/2 in absolute value and imaginary part bounded by O(q%), we have

1 1 Ap(m)As(n mn Ap(m)As(n =
L(Qm,f)Lwﬁ,f):Zanﬁ(q>+ZWn, =) ©®
where
G(s)ds
Vap(x) := 21 () ""ga,8(s) v ’
mi Je2) ’
o L(a+s+ 5T (B+s+5)
Ja,(s) := (2m) 7 r(a+§)F(5+'§) 2

and

Nopim (2)" (Mo pr
7\ Ve T(—a+ E(—f+5)

with G(s) an even, entire function of at most polynomial growth with G(0) = 1.
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Proof of 5.1. Consider,

1 1 G(s)ds
= — A(= A=
Javﬂ 27.(_1/(2) (2+a+8) (2+/8+8) s )
where G(s) is as above.

1 1 G(s)ds
54‘06) ( +ﬁ +27TZ/ A +O£+S) (5‘}'54‘8) S
Making the change of variable s — —s we get

A

I

Jup = Al + a)A(5 + ) -

J_a,—8-
Rearranging and plugging in the definition of the A

tath k-1 k-1
<\2/5> I’(l/2+oz+T)F(1/2+B+T)L(1/2+5, HL(1)240a, f) = Jag+J-a,-p
Dividing through,
1

1 1 1 G(s)ds
L(= *Ya L(= L(=
G+ e NUG+8.0) = 5 [ aousl)ll +a+ 9Lz +8+9)7
1 1 1 G(s)ds
Xapg=— *9_a._p(s)L(= — L(= —
Xy [ 00-amsOLG —at LG B+
Define,
1 1 1 G(s)ds
Ing = — *a L(= L(=
P Gt Jgy 1Y B8)L(5 +a+s)L(5 + 6 +s)
Then we have ) )
L(§+a7f)L(§+/Baf): a,,3+Xa,ﬁI—a B
We expand into the Dirichlet series giving,
1 Ar(m)Xf(n)
Ia’ﬁ - 27 ga’ﬂ(s) Z l{ci-a-i-s Ji-&-ﬁ—ks'
T J(2) M2 n2
Pulling the sums through,

1 1 Ar(m)Ag(n) Ar(m)A mn
Liy o L5 +8.0) = 3 “Hmmriv s (55 + 3“5 Wy ™). 0

2 2 man m2+an + m,n m?2 —a n2

From here forward we place the additional restriction on G that it has zeros at o + 3

and —a — . These zeros will cancel poles of the zeta function that will arise. As in the
calculation of the first moment, we split into the main and error terms

1 As(n,m) + E;(n,m
Z Ing=— (2)ga,,8(5)z Q( ) Q( )

= A .
fEH; (a) 2 L patatspgHits af +éap
k\4 ?

17
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Proposition 5.2. For e > 0,

Agp = R+ O(q /255504, (9)
where 2 8 1 B
o) (14+p2o=)(1 = p1=o?)
R= qu +a+p) H (1— p72(1+a))(1 _p*2(1+5)) )

plg

Proof. Via orthogonality,

1 Ay(n,m sG(s)ds
™ J(2) p— m2+a+sn2+5+8 S

_ 1 4(q) s (L+p 27 F2) (1 —p 17752 G(s)ds
“omiq /(2)q gaﬁ(SK(l*“*ﬁ“s)H (1= p-COTar) (1 = p-Carar) 5
plqg

Shift contours to (—1/2 — M + €). Recall that G(s) was selected to have zeros
cancelling the zeta function. We plck up a residue at s = 0. For s on this line we have,
,1,a,ﬁ,25)

1+p72 a—pf— 28)(1—]?
‘H (1 — p~Q0+a+s))(1 — p=R(A+5+s)))

< c(ep) H2 < ¢,

plg plg
—1/2- Bele)bRe®) |

The remaining integral is O(q ), so we have

1 ¢(q) (L+p 2 P2) (1 —p~ 1707072 G(s)ds _
=i g /(2) Ga5(5)C(1+a+5+25) [ (1 — p~CUFata)))(1 — p~CIHA+)) s
plq
R Ofg -
as claimed. =

Putting this together, we get I, g = R+0(g~ /4~ min (Re(a), Re(B))+€) from which Proposition5.2
follows.

6. POISSON SUMMATION IN TwO VARIABLES

As in the one variable case, we use Lemmas 4.5 and 4.6 to obtain,

(L) 14 uUv N(ﬁ)
k b
ap =20 Y 1/2+o¢n1/2+,3 Z (D) ) (0 Y cldieds) Y (0, 0) () >
m,n>1 M=q £|Le° dy,da|l ul(m,L) V7 (u,0) al(5 u)
(<Y v|(n,L) bl( 2 ,v)

%Y
Z Z S(m/,n';c) 5_1(47T\/mn)v%+ayl+ﬁ <77”;n> + O((qY)Sqy —2m),

61|(d1, n )c O(M)

where m/ = 244 and n’ Zd%.
a‘ey b
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Applying the same elementary arguments as before and letting, A = %;’E),B =
dgv(eg,b) .

Tes , D1 = aui( s and Dy = bvi( i) this becomes,

(L) w(u
fus et 3 HE S ) Sk S 3 s
LM= q f|L°O d1,d2|f a|u el\dl
<Y

where

S(An, Bm;c) 47/ ABmn mnDi Do
E : § : e | V| Vit )
c 2 T3

c=0(M) 0<m,n q
c>0

For ¢ > (¢M) := C, applying the Weil bound to the Kloosterman sums gives the desired
bound.

Otherwise, we apply a partition of unity in both variables wy, n,(z,y) so that w is
supported on [N1,2N1] x [Na, 2Ns].

Applying Poisson summation gives,

S = Z Z ISNl,NQ )

Nl,N2>O c=0

<c<C
with
Sc(Ny, Na) : ZaAB (ryt;e)ra,p(r,t;c).
rtEZL
where
) reyy (2
aA7B(r,t,c).— Z S(Ar, Bt;c)e ( . >e<c>,
z1,z2(c)
and
T An/ABzy
N U ry Tty
raB(r t;c) = /0 /0 $%+ay%+6le7N2(m,y)J,€_1 ( ; ) e < . ; > dxdy.
z=0y=

Lemma 6.1. For A, B such that ¢ fA, B we have,

(A,B,c) ifrt=AB(c),
a r,t;c)| = .
l24,5( ) {0 Otherwise.
Note that this implies if v or t equals 0 we are in the latter case, unless ¢ = 1.
Proof. Opening the Kloosterman sum, we have

\aAB(rtc\<< > Z <Axly+Bm> (T)e(?)

961,962( )y
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From this, the second condition can be read off, since the sum vanishes unless both Ay =
—r(c) and By = —t(c). Supposing this condition is satisfied, we can then simplify via the
triangle inequality to

laa p(r,t;c)| < Z 1.
y(©)

Ay=—r(c)
By=—r(c)
The first condition implies,
A r c
V=G Wl )

and the second

v=~(wa) (ma) ™ @g

this implies a unique congruency class for y (mod lem <(A‘/:C), (Bc’c)>) ie. (mod <(A7%70)>)

~

completing the proof.
Lemma 6.2. For T > 0, any fized, small € > 0, for any K > 0,
Ny Npv/AB 4y —100 rNe\ 710 v ABNING

Nfe(oa Re(P)

; A
(50l €K e + O+ o) T ) VABNNG 5 T & |AB - 1] < £,
(1+ ‘0“)(1 +[B)T K otherwise.

Taking T = q¢(1 + |a])?(1 + |B])? for some small € > 0 makes it clear that only the first
term and the second main term will contribute, since when we sum the others we can still
bound them by an arbitrary power of the level.

Proof of 6.2. For 7@ < T, we have that J,_1(y) ~ y so that we may write
VAB I —rx —ty
rap(rtic) = / / UNy,No,0,8(T, Y )e <> dxdy,
CNlRe(a)Nfe(B) =0 Jy=0 LNz C

where

o) ; oW ;
927 VN1 N2a (@ y) < (14 [af)N; 7 and @vwl,wz,a,ﬂ(w,y) < (L4 [BI) Ny

From here (6) noting v is (1 + |a)(1 + |3])-inert gives the claimed bound.

For 7“‘%]%’ > T, we have J,_1(41z) = >, e(22)gi +(22), with g(J) (22) <, min(1, z77).
Then

c 2/ABzy rz
rag(r,t;c) = Ve / / Rk, Ny Noo,8(, Y)e < - — > dxdy.
0y=

N1%+Re(a)N4+Re(B 1 .

>J>>—t

Tr=
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If there is no cancellation between phases, we see that by (6),

-K -2 —2
\/ABCN1N2> <1+ |7"\N2> <1+ |t|N1> '

raprtic) < NN OT (1l (14 : :

Otherwise, we apply Lemma 4.11 in z with X = (1+|a|) and Q = (1 T ST DA AE m> .
Note that @ > (1 + |«a|)T.

o0
¢ yAB ty 2K 2K - K
tic) = h — — ) dy+0O((1 1 7).
Bt = T O/ ovasti)e (Y8 = ) ay (10 (1+]51) T )
If,
‘AB — Tt’Nl
e S— < ,
ct
we bound the integral trivially. Otherwise, we integrate by parts giving

st tie) < e (1 P (1 Y e
Nl e(a)N2 e(B) ‘AB c c

O
Proposition 6.3. Let v = min(Re(«), Re(3)). Then,
1
’ Z Z ~SN1INg (C)‘ < g M TH(AB).

N1Na<qlte c=0(M)
N1,N2 dyadic cKq/ABN1 N2

Proof. We have,

IR I

Ny Na<q'te e=0(M)
N1,N2 dyadic c«q¢\/ABN| N,

q 1
< \/E Z . W Z (A, .B7 C) Z 1

N1N2<q c=0(M) r,t#0
N1,N» dyadic c<q*VABNIN; [N1N2—rt|< £ g
rt=AB(c)
1 1
<qAB)] Y = (\/ABNlNQ + AB) .
Ny Nop<gtte Nl N2
N1,N3 dyadic

The bound follows taking U = NyNs and bounding the number of such U by the divisor
function.

It remains to consider the cases when r = 0,¢t = 0, and r = ¢t = 0. We will show that the
contribution from these cases is bounded by ¢¢. In all of these cases, the sum is 0 unless
¢ =1, which implies M = 1. In any of these case, we have that as p(r,t) = 1.
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If VABN; Ny < ¢, then we have via Lemma 6.2, that ra p(r, ;1) < ¢¢(1 + |r])72(1 +
[t))~2. In the case when one is nonzero, the sum converges when we sum over the other.
We may then sum over N1No < ¢¢, to complete this case.

Otherwise, if \/ABN1 N3 > ¢, by Lemma 6.2 we have that r4 p(r,t;1) < (14 |a|)(1 +

|B)T~X, so we may bound this term by ¢~'%°, and after summing up over N3Ny < ¢'*¢,
this term is still significantly small than ¢¢. O
Proposition 6.4. Let v = min(Re(«), Re(5)). Then,
1
. ST Ssnm(e) < ¢V2TC M (AB)?
NiNa<gite  c=o(M)  ©
N1,N2 dyadi602c>>q€vABN1N2
Proof.
1 N1 N A c
D> > lawe|<evas] Y S s B9 sy
c ¢NONY c?
NiNa<gite c=0(M) NiNa<gite 172 c=0(M) rt#£0
N1,N2 dyadic C>c>q¢/ABN1 N N1,N> dyadic C>c>q VABNi N2 |’“|SN%
It1< 5
rtEAB%c)
N1N2 (A C) C
€ I A )
<V AB‘ > N Fel@) N RelB) > 2 (1t NN, )
]\/1]\72<ql+e 1 2 CEO(M)
N1,N3 dyadic qgM>c>q°/ABN1 No
N1 N
<M VAR Y 12

NRE(O‘) N2R€(f3)

1\71]\72<qhLE 1

Nl,NQ dyadic
The bound follows taking U = N1No and bounding the number of such U by the divisor
function. ]

Using this estimate and lemma 4.6 gives the desired result.

This completes the proof of Theorem 1.3 taking account of the term X, g/_, g in the
functional equation
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