AN ALL-ENCOMPASSING STABILITY RESULT FOR PROCESSIVE
MULTISITE PHOSPHORYLATION SYSTEMS

MITCHELL EITHUN

ABSTRACT. Phosphorylation systems are ubiquitous chemical mechanisms in biology. Mul-
tisite phosphorylation systems can be distributive or processive. Distributive systems have
been shown to exhibit bistability, while processive systems exhibit global stability. How-
ever the processive result was proven for a specific mechanism of processive phosphorylation
(namely, all catalytic reactions are reversible.) Accordingly, we generalize this result to allow
for processive phosphorylation networks that are reversible or reversible or involve product
inhibition. Specifically we create an all-encompassing processive system that encapsulates
each of these schemes. By appealing to monotone systems theory we prove that the dy-
namical system arising from mass-action kinetics has a unique steady state and that it is a
global attractor. We also establish the same result for a more general system using graph
reductions and recent graph-theoretic stability criteria.

Keywords — Multisite phosphorylation, chemical reaction networks, mass-action kinet-
ics, monotone systems theory, global stability, graph reductions
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1. INTRODUCTION

1.1. Phosphorylation Mechanisms. A biological process of great importance, phosphory-
lation is the enzyme-mediated addition of a phosphate group to a protein substrate, which of-
ten modifies the function of the substrate. This basic mechanism is: So+FE < SoFE — S|+ FE,
where S; is the substrate with ¢ phosphate groups attached and FE is the enzyme.

Additionally, many substrates have more than one site at which phosphate groups can be
attached. Such multisite phosphorylation may be distributive or processive, or somewhere
in between [10], [14]. In distributive phosphorylation, each binding of substrate and enzyme
results in at most one addition of a phosphate group. In contrast, in processive phosphory-
lation, when an enzyme catalyzes the addition of a phosphate group, phosphate groups are
added to all sites before the enzyme and substrate dissociate.

Most studies on the mathematics of multisite phosphorylation have focused on multisite
phosphorylation under a sequential and fully distributive mechanism. These systems admit
bistability [I2] and oscillations [9].

As for processive phosphorylation, in [6], Conradi and Shiu considered the following pro-
cessive n-site phosphorylation/dephosphorylation network (also called the “futile cycle”):

k k k. kon— "
So 4+ K —= Sy m—= S K ——= ... =28, K" g 4 K
k‘g kJ4 k‘s k?2n
(1)
fgn+1 €2n—1 Z5 Z3 41
S, + F Sy SoF —— 5| F So + F
lon lon—2 Ly Lo

and proved that the resulting systems, in contrast with distributive systems, do not admit
bistability or oscillations, and, moreover, exhibit rigid dynamics: each invariant set contains
a unique steady state, which is a global attractor [6]. This result was proven by generalizing
a result of [2]. Using other means, Rao [I5] and Marcondes de Freitas, et al. [§] have
established the same result.

However, there are other possible mechanisms for processive phosphorylation, the following
being the most common [17]:

k _ n
&+K7¥&Kk3&x %.“?1&4K33&+K
2 2n
(2)
Lon+t1 n, 1
S 4Pt gp iy, 5 gp B g g4

lon

Here, only the first reaction is reversible.
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As another example, we incorporate product inhibition, in which an intermediate is added
before the substrate is form in each component. A processive realization of this scheme is

(3)

There are distributive systems in the literature with such product inhibition [I3], Scheme 2].
The final reaction in each of the two components is inhibited via a back-reaction.

Can the global stability result for be generalized to incorporate the other mechanisms
and ? We accomplish this in this paper (Theorem by introducing a fully-reversible
system which encapsulates , , We prove that the dynamical system associated with
this system is globally stable. This result generalize results of Angeli and Sontag [2], Conradi
and Shiu [6], Rao [I5] and Marcondes de Freitas, et al. [§]

1.2. More Details on Global Stability Results. Chemical reaction networks, such as
phosphorylation, are represented as directed graphs that connect chemical species. Using
mass-action kinetics, the dynamics of the system can be realized as a system of ODEs. At
steady state concentration, each ODE in the system vanishes and so the concentration of
each chemical species is constant. A primary focus of chemical reaction network research
is to understand the stability of steady states, that is whether or not concentrations tend
to approach a steady state. If all concentrations in some neighborhood of the steady state
approach the steady state as ¢ — oo, a steady state is locally asymptotically stable.

Many authors, including [5] and [15], have established that the 1-site phosphorylation has
a unique steady state, and it is globally asymptotically stable, meaning that any trajectory
starting in the positive orthant converges to the steady state as t — co. As mentioned above,
this result was generalized by Angeli and Sontag who showed that that the processive n-site
system admits a unique steady state and it is globally stable [6].

We further generalize this result by establishing that our fully-reversible network is globally
stable. The first proof extends the result in [6], which applies results from monotone systems
theory from [2]. This involves assuming a change of coordinates, manipulating matrices and
computing the Jacobian matrix of the system and applying graph-theoretic criteria.

We also construct a second network, the all-encompassing model, which further generalizes
the fully-reversible model, allowing for m reaction components, rather than 2. Furthermore,
each component is allowed to have a different number of binding sites. We prove that this
model is globally stable using recent graph-theoretic criteria developed by Marcondes de
Freitas, et al. in [I] and [§]. Using the scheme in [I], the chemical reaction system is used
to construct two labeled graphs, an R-graph and SR-graph. If these graphs satisfy certain
conditions, the chemical system is globally stable. In [§] it was shown that we can perform a
reduction on the original system by removing intermediate species before using the stability
criterion. This makes for a faster proof of global stability. Also, this new result generalizes
a recent global stability result due to Rao [15].

1.3. Outline. In section 2 we define a chemical reaction network and explain how mass-
action kinetics produces an associated dynamical systems. In section 3, we develop our
fully-reversible n-site, 2-component network, which captures systems that are reversible,
irreversible and have product inhibition. The global stability of the system is established
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in section 4. Section 5 explains the all-encompassing m-component model and in section 6
we prove it is globally stable using graph-theoretic reductions. To conclude we comment on
how and our models compare with other phosphorylation systems in section 7. Appendix
A provides some a brief explanation of how to establish the technical detail of bounded
persistence.

2. BACKGROUND

This section provides an overview of how mass-action kinetics produces a dynamical system
for a given chemical reaction network. Our setup is based on [6] and [§].

2.1. Chemical Reaction Networks. As an example, consider the chemical reaction

A+B—"234+C (4)

The graph of (4]) is a chemical reaction network. The vertices A + B and 3A + C' are
complexes, which are linear combinations of individual species. The complex on the left side
of a reaction is called a reactant and the complex on the right side of a reaction is a product.

An idrreversible reaction is denoted by a unidirectional arrow (—). A reaction with a
double arrow, such as X = Y denotes a forward reaction X — Y and a backward reaction
Y — X. Together these reactions are known as a reversible reaction. The parameter k is
known as a rate constant. In the case of , one unit of A and one unit of B react at rate
proportional to their concentrations, with constant of proportionality %, to form three units
of A and one unit of C.

More formally, we express as G chemical reaction network with n species as the triple
G = (S8,C,R), which consists of
(1) a finite nonempty set of species S = 51,..., 5y,
(2) a set of complex vectors C of the form (ay, ..., a,) € RS, representing the weights

on a linear combination species, and
(3) a set of reversible (X = Y') and irreversible (X — Y') reactions R

Consider the species y = (ay,...,a,) and 3y = (af,...,al). For areactiony — 3 ory = 1/,
we call y — 3/ the reaction vector, which describes the net change in species.

In biology, phosphorylation is a chemical mechanism that adds a phosphate group. The
1-site phosphorylation is shown below.

Example 2.1. The following network (called the “futile cycle”) describes 1-site phosphory-
lation:

k1
So+ K —= Sk — 8, + K (5)
2

01

S+ F % S1F So+ F

The key players in this network are a kinase (K), a phosphatase (F), and a substrate (.Sp).
The substrate 57 is obtained from the unphosphorylated protein Sy by attaching a phosphate
group to it via an enzymatic reaction catalyzed by K. Conversely, a reaction catalyzed by
F' removes the phosphate group from S; to obtain Sy. The intermediate complexes SoK
and S1F' are the bound enzyme-substrate complexes.
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2.2. Mass-Action Kinetics. Consider the example . Let x4,xp and zc be the con-
centrations of the species as functions of time. Assuming the reaction follows mass-action
kinetics, the species A and B react proportionally to the product of their concentrations
with constant of proportionally x. Noting that the reaction yields a net change of two units
in the amount of A, we obtain the first differential equation in the following system:

d
— XA = 2KTAX
th ATB
d
—2p = —KITAZX
B ATB
d
— T = KIALB .
dtc ATRB

The other equations follow similarly. The mass-action differential equations that a network
defines are comprised of a sum of the monomial contribution from the reactant of each
chemical reaction in the network; these differential equations will be defined by equations (]§|~
D).

Letting m denotes the number of reactions, where we count each pair of reversible reactions
only once, the stoichiometric matriz I" is the s X m matrix whose k-th column is the reaction
vector of the k-th reaction (in the forward direction if the reaction is reversible), i.e., it is
the reaction vector y; — y; if k indexes the (forward) reaction y; — y;. The choice of kinetics
is encoded by a locally Lipschitz function R : R, — R™ that encodes the reaction rates of
the m reactions as functions of the s species concentrations (a pair of reversible reactions
is counted only once — in this case, Ry is the forward rate minus the backward rate). The
reaction kinetics system defined by a reaction network GG and reaction rate function R is
given by the following system of ODEs:

dx
il ['R(x) . (6)

For mass-action kinetics, which is the setting of this paper, the coordinates of R are:

(7)

Ri(x) = Kija? if k indexes an irreversible reaction y; — y;
AN kija¥" — kjx¥ it k indexes a reversible reaction y; <+ y;

A chemical reaction system refers to the dynamical system @ arising from a specific
chemical reaction network G and a choice of rate parameters (x;;) € RL, (recall that r
denotes the number of reactions) where the reaction rate function R is that of mass-action
kinetics .

The stoichiometric subspace is the vector subspace of R® spanned by the reaction vectors
y; — y; (where (¢, 7) is an edge of GG), and we will denote this space by S:

S = R{y;—y: | (i,)) € E} . (8)

Note that in the setting of (6), one has & = im(I'). In the earlier example reaction shown
in (4)), we have yo — y; = (2, —1, 1), which means that with each occurrence of the reaction,
two units of A and one of C' are produced, while one unit of B is consumed. This vector

(2,—1,1) spans the stoichiometric subspace S for the network . Note that the vector

dz
T in lies in S for all time ¢. In fact, a trajectory x(¢) beginning at a positive vector

2(0) = 2 € R%,, remains in the stoichiometric compatibility class (also called an “invariant
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polyhedron”), which we denote by
P = (x"+S)NRY,, (9)

for all positive time. In other words, this set is forward-invariant with respect to the dynam-
ics @ A steady state of a reaction kinetics system @ is a nonnegative concentration vector
z* € R%, at which the ODEs (6) vanish: TR(z*) = 0. We distinguish between positive steady
states ™ € R% and boundary steady states x™* € (Rio \R‘;O). A system is multistationary
(or admits multiple steady states) if there exists a stoichiometric compatibility class P with
two or more positive steady states. In the setting of mass-action kinetics, a network may
admit multistationarity for all, some, or no choices of positive rate constants x;;.

For an example of how mass-action kinetics generates a dynamical system, see [6], which
explains how to write-down the ODE system @ for the 1-site phosphorylation system in

Example 2.1}

3. A FUuLLY-REVERSIBLE MODEL

In this section we introduce a generalized version of the n-site processive phosphorylation
system, which we call the fully-reversible model. This system captures different variants
on processive phosphorylation. In contrast to system , the system studied in [6], we allow
the final concentrations of S,, + K and Sy+ F' to be inhibited by rate constants £* and ¢* and
we allow rate constants of back-reactions to be zero. The reaction network for our model is
shown below.

k1 k3 ks kon—1 kont1
So+ K o SoK o S1K e T Sn_1K \—7 S, + K
(10)
Lon+t1 lon—1 l5 l3 0
S, + F Sy o Sy S F So + F
lon lon—2 Ly 12 £*

where

k27k47 .- ‘7k2n>€27‘€47 s 7£2n7k*7£* > 07
klaki’n s 7k2n+17£17£37 s 7€2n+1 > 0.

This model is general enough that it reduces to several well-defined systems under certain
conditions, leading to the following proposition, with systems numbered as they appear in
section 1.

Proposition 3.1. The fully-reversible model encompasses the following phosphorylation
systems:

(1) Reversible systems, which allow for binding in both directions.
(2) Irreversible systems, which have no back-reactions after initial binding.
(8) Systems with product inhibition.

The conditions that we impose on to find these variations are listed in Table .
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System variant Conditions
(n — 1)-site system with product inhibition n > 2 and £*,¢* > 0
Reversible n-site system 0 k" =0 and
]CQ,]C4, . ,]{727“62764,. .. ,ggn >0
Irreversible n-site system kT =0

TABLE 1. The restrictions on rate constants that reduce the all-encompassing
model to different variants of processive phosphorylation systems.

Remark 1. Notice that the reversible system described in Table [1]is equivalent to the n-site
system (1), studied in [6]. Clearly the model also captures other theoretical families of
distributive sessions, including, for example, irreversible n-site systems with product inhibi-
tion. In section 7 we remark on other types of phosphorylation systems.

Our first main theorem is that this system is globally stable. It follows from Proposition
that the systems described in Table [T are globally stable.

Theorem 3.2. The dynamical system @ of the all-encompassing model arising from
mass-action kinetics has a unique positive steady state and it is a global attractor.

We prove this result in Section

3.1. The ODE System. The variables in the fully reversible mode are ordered ac-
cording to Table [2]

Ty T2 T3 Ty Ts Zg L7 Tg -t Tont3  Tonidq
K F Sy S, SoK SiF SiK SyF --- S,.1K S,F
TABLE 2. Assignment of variables and species of the processive n-site network

Using mass-action kinetics we can concisely express the system as the matrix equation
@. The stoichiometric matrix, whose columns span the stoichiometric subspace, is given by
the (2n + 2) x (2n + 4) matrix

F = [65 — (61 —|—€3) | ey 62i+5 _62i+3; | 64+61 _62n+37 (11)
est+es—es | ..., €2ipa— €246, .- | €ppa — (e2+ 64)]
where i = 1, ..., n — 1. The stoichiometric matrix (and, by extension, the stoichiometric

subspace) is the same as in [6]. The following Lemma is proved in [6]:
Lemma 3.3. The stoichiometric matrix I" for has rank 2n — 1.

Remark 2 (Conservation relations). By Lemma [3.3] ker(I'") = S* is three-dimensional. A
particular basis is formed by the rows of the following matrix:

1 0(00[1010--10
A=|01/00/0 101 --01]. (12)
00/1 1/1 111 -~ 11

This basis has the following interpretation: the total amounts of free and bound enzyme or
substrate remain constant as the dynamical system @ progresses. In other words, the rows
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of A correspond to the following conserved (positive) quantities (recall the species ordering
from Table [2)):

Kiot = 21+ (I5 + T4+ I2n+3)7

Fiot = Ta + (T6 + g + - + Tanya)
Stot = T3+ Ta+ -+ Tanya

The reaction rate function arising from mass-action kinetics for (L0 is,

klxll'g — k2$5
ksxs — kaxr
ksx7 — ke

k2n71x2n+1 — k2n$2n+3

k2n+1$2n+3 — ki34
R(x) £2n+1$2$4 - 52n$2n+4 ’ <13)

€2n—1x2n+4 - f2n—2I2n+2
€2n—3x2n+2 — lop_y oy,

U3y — Loxg
£1$6 — €*$2$3

Using the stoichiometric matrix (L1) and the reaction rate function ((13)) we can write the
dynamical system arising from the fully-reversible system ((10) as the equation @ We
appeal to this formulation to prove global stability in the next section.

4. PROOF OF GLOBAL STABILITY USING MONOTONE SYSTEMS THEORY

In this section, we prove that each steady state of the processive network taken with mass-
action kinetics is a global attractor of the corresponding compatibility class (Theorem {4.2)).
The argument uses the same scheme as in [6]. Much of section 4.1 is adapted from [6] and
the proof in section 4.2 extends that in [6], §6].

4.1. Setup. We begin by recalling the setup in Angeli and Sontag [2, §3]. We consider
any reaction kinetics system with s chemical species and m reactions (where each pair of
reversible reactions is counted only once) given by & = I' R(z), as in @ Each such system
together with a vector o € R%,, (viewed as an initial condition of () defines another ODE
system:

¢ = f,(c) == R(o +Tc), (14)
with associated state space (which is sometimes called the space of “reaction coordinates”)
X, ={ceR"|o+TceR}. (15)

For simplicity, we introduce z := o + I'c. For ¢ =1,...,n, define

7o | 243 | | O2i43 + ¢ — Cit1
i -
2914 0944 + Coiya — C2iq1
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Using the stoichiometric matrix (11]), we have

Z1 01 + Chy1 —
29 Oy + Cpyo — Copyo
zZ3 03 + Chnt2 — C1
24 04 + Cpy1 — Copy2 ]
. Y . (16)
Zy Zo
L Zn i L ZTL .

To state Lemma [4.1] below, we require the following definition.

Definition 4.1.

(1) The nonnegative orthant RZ, defines a partial order on R™ given by ¢; = ¢y if
g —cy € RYZ,. Also, we write ¢; > ¢y if ¢ = o with ¢1 # ¢, and ¢ > ¢, if
1 —Cg € RZ“O_ )

(2) A dynamical system with state space X C R™ and flow denoted by ¢;(c) (for initial
condition ¢) is monotone with respect to the nonnegative orthant RZ, if the partial
order arising from R, is preserved by the forward flow: for ¢;,c, € X, if ¢; > ¢, then
¢i(c1) > ¢y(cy) for all t > 0. A dynamical system is strongly monotone with respect
to the nonnegative orthant if it is monotone with respect to the nonnegative orthant
and, additionally, for ¢1,co € X, the relation ¢; > ¢y implies that ¢;(c1) > ¢4(co) for
all t > 0.

The lemma below is due to Angeli and Sontag [2l, Corollary 3.3]. We note that it is stated
in the setting of monotonicity with respect to the nonnegative orthant (cone), but the result
and the theory of monotone systems more generally extend to other cones and moreover to
partial orders not necessarily arising from a cone [4].

The following lemma was originally proven by Angeli and Sontag in [2, Corollary 3.3] and
appeals to monotone systems theory to establish the presence of a unique, globally stable
steady state.

Lemma 4.1 (Angeli and Sontag). Let R, I', and o be as in the setup above. Assume that:

(1) the stoichiometric matriz T' has rank m — 1, with kernel spanned by some positive
vector (i.e., in RZ,),

(2) every trajectory of the reaction kinetics system @ 15 bounded, and

(8) the system ¢ = f,(c) defined in 15 strongly monotone with respect to the nonneg-
ative orthant.

Then there exists a unique n = n, € R, such that for any initial condition p € R, that is
stoichiometrically compatible with o (i.e., p— o € Im(I")), the trajectory x(t) of the reaction
kinetics system (0)) with initial condition x(0) = p converges to n: tlim x(t) =n.

—00

In [6], Lemma is used to prove that the n-site processive system is globally stable
provided all rate constants are strictly positive. We expand the proof to establish the global
stability of the fully-reversible model .

4.2. Proof of Stability of the Fully-Reversible Model. We restate Theorem [3.2] more
precisely below.
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Theorem 4.2. Let n be a positive integer. For any chemical reaction system @ arising
from the processive n-site network and any choice of rate constants,

(1) each stoichiometric compatibility class P contains a unique steady state n,
(2) n is a positive steady state, and
(8) n is the global attractor of P.

Proof. Let 0 € P. The result will follow from Lemma [4.1| applied to this reaction system
and the vector o, once we verify its three hypotheses.

For hypothesis (1) we note that the rank of T'is (2n + 2) — 1 by (3.3).

For hypothesis (2) of Lemma , every stoichiometric compatibility class is bounded due
to the conservation laws. Thus, trajectories of @ are bounded.

Finally, we must verify that the system is strongly monotone. We begin by showing
that it is monotone with respect to the nonnegative orthant. It suffices (by Proposition 1.1
and Remark 1.1 in [16, §3.1]) to show that the Jacobian matrix of f,(c) := R(o + I'c) with
respect to ¢ has nonnegative off-diagonal entries for all ¢ € X,. Note that this reaction rate
function R appeared earlier in ({13]).

For simplicity, we introduce z := ¢ + I'c, so by the chain rule, the Jacobian matrix of
fo(c) :== R(o + I'c) with respect to ¢ is Jac.f,(c) = Jac,R(z)I', which is the following
(2n + 2) x (2n 4 2)-matrix:

(=K1 (23 4+ 21) — ko) 1 + kaeg + k236,11 + k12169049
/{3361 — (k‘g + k4)62 + ]{?463
k?5€2 - (k?5 + k?6)€3 + k’6€4

kon—1€n—1 — (Kan—1 + kan)en + kan€ni1
k2n+1€n - k‘2n+1€n+1 - k*21(6n+1 - €2n+2) - k*24(€n+1 - 61)
) (17)
Coni129€n11 + (—loang1 (24 + 22) — log) €nya + lonenis + loni124€n10
lon—1€nt2 — (Lon—1 + lon—2)ents + lon_26€n14
lon—3€nt3 — (lon—3 + lon—a)€nta + lon_s€nis

l3ean, — (U3 + l2)eant1 + laeonio
* *
€1€2n+1 - €1€2n+2 -/ 22(€n+2 - 61) -/ 23(€n+2 - €2n+2)

By inspection of the Jacobian matrix , each nonzero off-diagonal entry either is some
¢; or k;, which is nonnegative, or has the form k;z; or ¢;z; (for some i) and such a term is
nonnegative for ¢ € X, (recall that the system evolves on the space X, defined in ,
so z =0+ [ceR¥M

Now we show that the system (T4]) is strongly monotone by checking that the Jacobian
matrix is almost everywhere irreducible along trajectories of (see Theorem 1.1
of [16], §4.1]), i.e., that the matrix is almost everywhere the adjacency matrix of a strongly
connected directed graph. By inspection of , this directed graph always contains the
pathsn+1—-n — - > land 2n+2 - 2n+1 — --- — n + 2, and the only possible
edges between these two components are 1 — 2n + 2 and n + 2 — n + 1, so we must show
that the corresponding two entries in the matrix (17)), namely k121 = k1(0x —¢1 + ¢,41) and
lopi129 = lopi1(0F — Cpio + Conyo), are almost everywhere nonzero along trajectories. The

pertinent edges are illustrated in Figure [I}
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1 n n+1

A
|
!
|
|
|

k:121 EQTH»IZQ

!
|
|
|
|
Y

O O .. (j

2n + 2 2n+1 n+2

FIGURE 1. Some of the edges in the directed graph for which the adjacency
matrix is the Jacobian matrix. To show that the graph is strongly connected
we need show that z1(¢) and z,(t) are almost everywhere nonzero.

By symmetry between K and F, we need only verify that zi(¢) is almost everywhere
nonzero along trajectories. Suppose, on the contrary, that z;(¢f) = 0 on some non-degenerate
time interval. By the conservation law on the total amount of Kinase, the following sum
must be positive:

o1+ (054 -+ 09p43) = (01 — 1+ cny1) + (05 + 1 —c2) + - + (Oonis + ¢ — Cni)]
= 21(t) + [z5(F) + - - + 2z2043(1)]. (18)

By assumption, z;(t) = 0, so if we show that z5(), ..., 22,+3(t) = 0, we have a contradiction.
From we have 21 (t) = 01 — ¢1(t) + cpe1(t). Taking the derivative implies

0= —é1() + éna ()
= —[k1z1(t)23(t) — kozs()] + [Rant1220+3(t) — k" 21(8) 24(t)]
= k'22’5 (t) + k2n+122n+3 (t)

We know that ks,.1 > 0 and the ks, 25(t), 22,43(t) > 0 and so, for the above statement to
hold, it must be true that z9,.3(t) = 0. If n = 1, we are done. Otherwise, we have

0 = 29p43(t) = 02p13 + Cn — Cnya. (19)
Taking the derivative of implies
0=¢, — Cp
= [kan-1220+1(t) — konzons3(t)] — [kans122n43(8) — K" 22(0)24(1)]
= —kon_120n41(1).

We know that ks, 1 > 0 and so it follows that zo,.1(¢) = 0.
Next we prove inductively that for i =0,...,n

_ 1’
Za(n—i+3(t) = 0. (20)

We have established that holds for ¢ = 0 and 7 = 1 so we are done if n = 2. Otherwise
this is the base case. For the induction hypothesis, suppose that holds for i = k — 2
and i = k — 1, where 2 < k < n — 1. This means zy(,—k)+5(t) = 0 and 2a(,—g)47(t) = 0. By
construction,

0 = Zom—(k-1))+3(t) = 22(n—k)+5(t) = O2(n—k)+5 + Cn—kt1 — Cn—it2- (21)
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Taking the derivative of implies

0=Cnkt1 — Cnkt2
= Kotn—k)+122(n—k)+3(t) — Kogn—r)+222(n—k)+5(t) — [Foan—i)+3220—k)+5(t) — Fo(n—k)+422(n—k)17(t)]
= Ka(n—rk)+122(n—k)+3(t)-

Because ky(;,—x)+1 > 0, we can conclude that zg(n,k)Jrg(t) =0.
We have shown that z5(t),. .., zo,13(f) = 0, which contradicts the the fact that the con-

servation law must be positive. It follows that z;(¢) is almost everywhere nonzero along
trajectories, and the proof is complete. O

5. AN ALL-ENCOMPASSING MODEL

Next we consider a more general class of phosphorylation systems in which there are more
than two substrates and enzymes. We call this the all-encompassing model and it generalizes
the fully-reversible model in two ways:

(1) There are now m components rather than 2, each with its own enzyme E; and sub-
strate P,.
(2) Each of the m components has n; binding sites rather than a fixed n.

The all-encompassing reaction network for our model is shown below.

k11 k12 ki3 kiny k1(ny+1)
Pl _'_ El Cll 012 “ e ) Clnl Y P2 —"_ El
k_11 k_12 k_13 k?flnl k—l(n1+l)
ka1 k22 ka3 kany ka(ny+1)
P2 _'_ E2 021 022 “ e ) C2n2 Y P3 —"_ E2
k_o1 k_22 k_23 k—2n, k_2(ny+1)
(22)
km1 kma2 km3 kmnm km(nm+1)
P,.+ E, e Cm1 . Cino A e T Omnmk —P+E,
—m1 —m2 —m3 —mnm, —m(nm-+1)
where m € Zso \ {1} and ny,...,n, € ZZ,. We impose the follow restrictions on on rate

constants:
kij>0and k_;; >0for j=1,...,n;andi=1,...,m.
There are  :=2m + (nq + ny + - -+ + n,,) species in this network.

Remark 3. The notation we use to express the network in is based on the scheme in
[15], but with a few changes. In keeping with the notion that a Phosphorylation network
has n sites, we use n; to denote the number of sites in component 7, whereas m; is used in
[15]. We use m to represent the number of components in the network.

Note that when m = 2 and n; = ns the all-encompassing model reduces to the fully
reversible model . Hence, by Proposition , this model captures all of the systems
described in Table [I} Additionally, this model also encompasses systems with more than 2
components and different numbers of sites in each component.

This model generalizes the model in [I5] by allowing all back-reactions to be optional
(irreversibility) and by adding a back-reaction to the final reaction (product inhibition).

Lemma 5.1. Let I' be the stoichiometric matrixz associated with the reaction network .
The vector of length § with all 1s (denoted by 1) is an element of ker T".
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Proof. Notice that each species in (22]) appears in exactly two equations, once as a reactant
and once as a product. Hence, the sum of each row of I' is 0 and 1 € ker I'. O

By Lemma , nullity(I') # 0. This implies that nullity(I'") # 0, giving the following
corollary:

Corollary 5.2. The network i1s conservative. That is, it has a conservation relation.

In section [6] we establish that the all-encompassing model is globally stable.Unlike
our proof that the fully-reversible n-site system is stable in section , we do not appeal
to the system of ODEs arising from mass-action kinetics. Instead we show appeal to graph-
theoretic criteria that hold on the actual chemical reaction network. This supersedes our
result in section |4| because the all-encompassing model can be reduced to the fully-reversible
model.

6. PROOF OF GLOBAL STABILITY USING GRAPH REDUCTION

In this section we establish that our all-encompassing phosphorylation model is glob-
ally stable using graph reductions. First we explain how to construct two types of graphs
from a chemical reaction network: an SR-graph and an R-graph. A theorem from [§ (origi-
nally from [1I]) helps us prove global stability by establishing several graph-theoretic criteria
hold on the SR~graph and R-graph. To simplify the argument we use [§] to remove interme-
diate species to produce a simpler network, on which the same graph-theoretic conditions
can be tested to prove stability. Notation is established in sections 6.1-6.3 to be able to
apply the results in 6.4. Much of the setup in 6.1-6.4 follows from [§].

Notationally, let G = (V, E, L) be a directed, labeled graph, with vertex set V, edge set

%
E and label set L. Let XY € E. A directed edge from X to Y is denoted by XY

6.1. Assumptions. To apply the machinery in [§], the following formal assumptions about
reaction networks must be satisfied:

My—yeR = ysy,y=sygR,

Qy=yeR = y=yéR,

(3) for each y € C, there exists a reaction in C that has y as a reactant or product,

(4) for each i € {1,...,n}, there exists an (aq,...,,) € C such that a; > 0.

Some theorems require the following conditions to hold as well:
(G1) There are no auto-catalytic reactions, meaning that no species can appear as both
reactant and product in any reaction.
(G2) Each species in S takes part in at most two reactions in R.
(G3) The network is conservative, that is, it has a conservation law ¢ € RY,,.

Remark 4. In [§], assumptions labeled (r1), (r2) and (r3) are also required by some theorems.
According to Remark 1 in [§], these assumptions are satisfied for systems arising from mass-
action kinetics (such as our phosphorylation systems), so they are omitted here.

6.2. Graph Constructions. Here we explain how to construct two types of graphs derived
from a chemical reaction network: directed SR-graphs and R-graphs.

An SR-graph (or directed SR-graph) is a directed graph constructed from a chemical
reaction network. We denote an SR-graph by Gsg = (Vsgr, Esgr, Lsr). The vertex set Vgp is
the union of all species and reactions in the network (hence the name “SR”). The following
rules characterize the edge and label sets:



14 MITCHELL EITHUN

(1) If a species S is a reactant in any reaction or a product in a reversible reaction, then

— =
SR, RS € Egg.
_>
(2) If a species S is a product in an irreversible reaction, then RS € Egp.
(3) Let SR € E. If S is a reactant, L(S,R) := +. If S is a product, L(S,R) := —. We

assign L(R,S) := L(S, R).
An R-graph is an undirected graph G = (Vg, Eg, Lg) created from the chemical reaction
network. The R-graph can be constructed independently of the SR-graph (which is explained
in [§]), but we may abstract it from the SR-graph using the following rules:

(1) The vertex set Vi is the set of reactions in the reaction network.

(2) An edge connects reactions R; and R; if there is a length-2 path connecting R; and
R; in the SR-graph. It is labeled with the opposite of the product of the labels on
the length-2 edge. An edge may have more than one label, if there are multiple such
paths.

Example 6.1. Consider the 1-site phosphorylation system introduced in Example 2.1} The
directed SR-graph and R-graph for this network are shown below.

+ L F -
/
\ /- Rl + R2
SoE T+
S() Sl
+ +
N + 5 F 7
_ s / 1 \ R f
\ Ja / R4 n Rg
(A) The SR-graph. (B) The R-graph.

F1GURE 2. The directed SR-graph and R-graph for the 1-site phosphorylation
network.

The attributes of the SR-graph and the R-graph that follow help establish the stability of
a system (explained in section 6.4).

Definition 6.1. An SR-graph is R-strongly connected if there exists a directed path between
every pair of reaction vertices.

Definition 6.2. We say an R-graph has the positive loop property if every simple loop has
an even number of negative edges.

Example 6.2. Again consider the 1-site phosphorylation system introduced in Example [2.1]
The SR~ and R-graph are shown in Figure[2] The SR-graph is R-strongly connected because
it contains the loop

R1—>S()E—)R2—>Sl—>R3—>SlF—>R4—>SO—)Rl.
The R-graph vacuously has the positive loop property because it has no negative labels.

From [8], we have the following remark.
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Remark 5. Suppose there are p reactions in the system. When the R-graph has the positive
loop property, we can define an orthant cone

K ={(z1,...,2p) € R” | oy21,...,0,x, > 0} (23)

by defining a sign pattern o = (0y,...,0,) € {£1}™. Let oy := 1. For i € {2,3,...,p},
consider any simple path 1 =iy —i; —--- — i = 7 joining 1 and 7 and set

i .= H LR({Rid—N Rid})' (24)

Because the R-graph has the positive loop property, every simple loop has an even number
of negative edges, and so any path from 1 to ¢ will result in the same o;.

If the R-graph has more than one component, the same procedure is applied to each
component, starting by setting oy := 1 for the smallest index i € {1,...,m} such that R;
belongs to that component.

6.3. Removing Intermediates. The novelty of [§] is that we can first simplify a chemical
reaction network by removing intermediate species before checking conditions on the SR-
and R-graphs. This invariance property will be described in section 6.4.

We discuss the required conditions to remove one intermediate. Let G = (S,C,R). For
each y = (a1, ...,a,) € RY, we define the support of a complex y by

supp y :={S; € S | a; > 0}.

To remove an intermediate Y, the following two conditions must be met:

(I1) Y consists of exactly one species and does not appear in any other complex in the
network
(12) there exist unique complexes y = a1 51 + -+ - + @, S, and ¢y = | S; + -+ -+, S,, such
that
(a) either y — Y or y = Y is a reaction
(b) either Y — ¢ or Y = ¢/ is a reaction
(c) If €& := supp y N'supp ¢/, then Z a;S; = Z LS =:e
S;e€ S;€€
d)y—e—y —e y—e—y—e y—e=y —e and y —e=y— e arenot
reactions in ‘R.

Definition 6.3. Given a network G = (S,C,R) and an intermediate Y that satisfies (11)
and (12), the reduced reaction network G = (S§*,C*,R") is obtained by removing the
intermediate Y. We define R* := R, URy,, where Ry, is the subset of reactions in R that
do not have Y as a product or reactant and

R {{y—e:y’—e}, fy=sY, Y =4y eR

_ 25
{ly—e—y —e},ify—=YeR oY -y eR (25)

Yy =
This procedure removes one intermediate. Any number of intermediates may be removed
successively if the conditions above are met at each step.

Example 6.3. As an example, consider the 1-site phosphorylation network ((2.1). Taking
So+ K and Sy + K to be the unique complexes y and 3’ required by (12), we can remove the
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intermediate Sy K, producing the reduced network

S() Sl
Sl—l-FéSlF So+F

Notice that K is also removed because it is in both Sy + K and S; + K. If we try to remove
S1F we must take S; + F and Sy + F tobe y and 3. Thene =F,buty —e -y —ecisa
reaction, which violates (12). Thus, we cannot remove any other intermediates.

We use successive removal of intermediates to simplify the all-encompassing model
in the lemma below. Notationally, let === denote a reaction that may or may not be
reversible.

Lemma 6.1. The following network can be obtained from the all-encompassing model
using successive removal of intermediates:

RI . P1 S - - - - = Pm
R; - P+ E, === Chn,, (26)
Proof. First we claim that we can remove C;; fori =1,...,m and j = 1,...,n,. Consider
the component with index i € {1,...,m}. We show inductively that we can remove the
intermediates Cj1, Cia, . . ., Cyy,,. Notice that these complexes contain one species and do not
appear elsewhere in the system, so assumption (I1) is satisfied.
This component contains the reactions P, + E;s==(C};; and C;; === (Cjs . The com-

plexes P, + E; and Cjs do not share any species, and they satisfy (12). Hence, we can remove
the intermediate C;;. This establishes the base case.

Suppose that we have removed intermediates Cj1, Cyo, ..., Cig—1), where 1 < k < n;.
If k& # n;, component 7 contains the reactions P+ E; == Cy, and Cy, 7= Cjgiqr) -
Similarly to the base case, the complexes P; + E; and Cj41) satisfy (I2), so we can remove
the intermediate Cj;. In the case that k& = n;, the complexes P; + E; and P + F; satisty
(I2) as well and so Cj,, can be removed. The neighboring complexes share E; and so it is

also removed as per .
Successively remove all Cj; in each component, except Ci,y,,, results in the network

P Py
Py Py
(27)
P, s P,
P+ E,v~—=Cun, ~——=P+ E,
If m = 2, we are done. Otherwise, we claim that we can successively remove Py, P3, ..., P, _1.

Notice that (11) is satisfied because each P; is contained in just one complex. We can remove
P, because Py and Py satisfy (12). If we have removed P, ..., Py, where k < m — 1, then
Py and Py satisfy (12). This results in the network (26).

O
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Remark 6. We are able to remove any further intermediates from the reduced network
produced by Lemma [6.1, However, there are cases when simpler reductions from the all-
encompassing model are possible. Consider the case that m > 3. Using arguments
similar to those in Lemma we could remove all Cj;, including C,,,,,, and Ps, ..., Py,_o
(if m > 4) to produce the slightly simpler network

Pi====F,
P, 1v—=PF,
P,=—=——=hA

No further reductions can be made without violating (12d).

However, the reduced network is minimal in the m = 2 case. For example, if we try
to remove Cy,,, we would be forced to take the neighbors P, + E5 and P, + E» as y and ¢/
in accordance with (12). However, P, === P, is already a reaction, which violates (12d).

6.4. Stability Results. Now we can state the results from [§] necessary for our proof. The
following Lemma (Theorems 1 and 2 in [7]) establishes that the desired properties on the
SR~ and R-graphs are invariant under successive removal of intermediates.

Lemma 6.2. Let G be a reaction network satisfying (G1) and (G2). Suppose G* is a reaction
network obtained from G by successive removal of intermediates. Then G also satisfies (G1)
and (G2) and

(1) the directed SR-graph of G* is R-strongly connected if, and only if, the directed SR-
graph of G is strongly connected.

(2) The R-graph of G* has the positive loop property if, and only if, the R-graph of G
has the positive loop property.

Furthermore, properties involving the stiochimetric matrix and the cone from Remark
are invariant under successive removal of intermediates.

Lemma 6.3. Let G be a reaction network satisfying (G1) and (G2). Suppose G* is a reaction

network obtained from G by the successive removal of intermediates. Suppose, in addition,

that the R-graph of G* has the positive loop property and the SR-graph of G* is R-strongly

connected. Let I' and T'* be the stoichiometric matrices of G and G*, and K and K™ the

orthant cones constructed in Remark [5 from the R-graphs of G and G*, respectively. Then,
kerI'N K = {0} <= ker "N K* = {0},

and
ker T Nint K # 0 < ker T Niint K* # 0.

To state the main stability result we require the following definitions from [7].

Definition 6.4. The w-limit set is
w(so) = (] (Lot 50)},
T>0t>T
where o(t, so) is the trajectory of z(t) starting from initial condition s.

Definition 6.5. The flow of () is said to be bounded-persistent if w(sy) NORL, = () for
each sy € RY,.
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The following lemma (Propositions 2 and 3 in [§]) provides sufficient conditions for both
local and global stability.

Lemma 6.4. Let G be a reaction network satisfying (G1)-(G3) and (r1)-(r3). Suppose that
the flow of (@ 18 bounded-persistent. Suppose, in addition, that the R-graph of G has the
positive loop property and that the directed SR-graph of G is strongly connected. Then, either,

(1) ker 'N K = {0} and there exists a Lebesque measure-zero set D C RZ, such that all
solutions to @ starting in RZ, \ D converge to the set of equilibria, or

(2) ker TNint K # 0 and all solutions of (6) starting in RZ, converge to an equilibrium.
Furthermore, this equilibrium is unique within each stoichometric compatibility class.

Appendix [A] shows how bounded-persistence can be established with graph-theoretic cri-
teria from [I]. Hence, each condition required by Lemma can be shown using graph-
theoretic criteria.

6.5. Proof of Global Stability of All-Encompassing Model.

Theorem 6.5. For any chemical reaction system @ arising from all-encompassing net-
work and any choice of rate constants,

(1) each stoichiometric compatibility class P contains a unique steady state n,
(2) n is a positive steady state, and
(8) n is the global attractor of P.

Proof. By inspection, the full network satisfies assumptions (G1) and (G2). Assumption
(G3) is satisfied by Corollary [5.2] and assumptions (r1)-(r3) are satisfied by Remark [4]

By Lemmas [6.2] and it suffices to show that each of the following properties is
satisfied by the reduced network or the original network :

(1) the network bounded persistent,

(2) ker I'Nint K # 0,

(3) the SR~graph is R-strongly connected, and
(4) the R graph has the positive loop property.

By Lemma , the reduced network is bounded-persistent and so property 1 holds.

Applying Lemma , for the full network , we have 1 € ker I'Nint K and so property
2 holds.

The SR~ and R-graphs resulting from the reduced network are shown in Figure . A
dashed edge is present if and only if the corresponding component in the original network
(22)) is fully-reversible.

Regardless of our choice of rate constants, the SR-graph always contains the loop

R — P, = Ry = Cyp,, = R — P — R

Hence, there exists a directed path between any two reactions and, by definition, the SR-
graph is R-strongly connected.

Notice that each length-two path connecting a pair of reactions in the SR-graphs has edges
with opposite signs. It follows that each edge in the R-graph has a positive label. Thus, the
R-graph has no negative labels and so it vacuously has the positive loop property.

O
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T~ Cmnm
.
Ry \ AR} + +
+ ;= * *
(A) directed SR-graph (B) R-graph.

FIGURE 3. The SR-graph and R-graph of the reduced system ([26]).

7. REMARKS

Here we discuss how our phosphorylation networks compare to other types of phosphory-
lation systems in the literature.

Remark 7. Theorem [6.5| generalizes the stability result established by Rao in [15] by allowing
the final reaction in each component to be reversible and allowing all other reactions to be
either reversible or irreversible. In [I5], Rao built a Lyapunov function to prove global
stability. It would be interesting to see if Rao’s proof could easily be extended as another
means to establish Theorem [6.5]

Remark 8. Only recently have there been studies of mixed phosphorylation mechanisms
(partially distributive, partially processive) [3]. Suwanmajo and Krishnan proved that such
a network, in which phosphorylation is distributive and dephosphorylation is processive (or,
by symmetry, vice-versa), is not multistationary [17]. Thus, it always admits a unique steady
state, via a standard application of the Brouwer fixed-point theorem. This proves half of
a conjecture that Conradi and Shiu posed [6]. Perhaps surprisingly, the other half of the
conjecture was disproven: in contrast with processive systems (§1.1)), mixed systems need
not be globally stable: they can be oscillatory [17]!

Remark 9. There are examples of phosphorylation networks in the literature that have more
reactions that those in our all-encompassing model . In [I1], Gunawardena proposes
a 2-site processive phosphorylation network in which, in addition to the usual edges, ESy
reacts to form E + Ss:

E+ 5

E+Sy—FES, —
E+ 5

Unfortunately our proof of Theorem cannot be extended to establish the stability of such
networks. Suppose we add an additional reaction edge to the all-encompassing model .
It is easy to show that the new reaction vector is a linear combination of other columns in
the stoichiometric matrix I'. Hence the rank of I' is invariant under adding new reactions but
no new complexes. However, the number of reactions m increases and so the first condition
of Lemma is not met. Thus, our argument does not apply if we add a new reaction but
no new complexes.
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Additionally, our proof of Theorem [6.5] establishing the stability of the all-encompassing
model, cannot be extended in this way because condition (G2) does not allow a complex to
be present in more than two reactions.

Remark 10. We showed that the generalized all-encompassing model is globally stable re-
gardless of whether any of the reactions are reversible or irreversible. If a reversible system
is stable using the graph-theoretic methods in section [6] is it also true that the associated
irreversible system is also stable? We conjecture that this is not true in general.

Remark 11. The graph reduction tools in [8] used to establish global stability of the reduced
all-encompassing model in section [6] do not directly consider dynamical systems arising from
mass-action kinetics. However, the graph-theoretic conditions used are equivalent to some
of those required by [2], which was used to establish stability of the fully-reversible model in
section [4]
More specifically, recall the translated version of the fully-reversible system . The
work in [I] establishes that
(1) The R-graph is R-strongly connected if and only if the dynamical system ((14]) is
monotone,
(2) if condition (1) holds, then the SR-graph is R-strongly connected if and only if the
Jacobian matrix is irreducible along trajectories, and
(3) condition (2) implies the dynamical system is strongly monotone.
This means that the graph conditions described in section [6] could be used to establish that
the fully-reversible system from section [3] is strongly monotone (a condition of [4.1)). The
proof would be similar to Example 4 in [g].
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A. BOUNDED-PERSISTENCE

Here we provide the background necessary to understand bounded persistence. Intuitively,
a system is bounded persistent if no trajectory vanishes asymptotically as t — oo. This idea
is formalized by Definition

A.1. Definitions. Using [7], bounded persistence can be established through the use of
P-semiflows and siphons, defined below.

Definition A.1. A P-semiflow of a reaction network is any nonzero vector v € RZ0 such
that T7v = 0, i.e. v is a positive conservation law.
Definition A.2. A nonempty subset of species ¥ C S is called a siphon if every reaction

which has a product in ¥ also has a reactant in X. A siphon is said to be minimal if it does
not properly contain any other siphon.

Definition A.3. A reaction network is said to have the siphon/P-semiflow property, or
satisfy the siphon/P-semiflow condition, if every siphon contains the support of a P-semiflow.

This theorem from [7] states that the siphon/P-semiflow property is a sufficient condition
to establish bounded-persistence.

Theorem A.1. If a reaction network has the siphon/P-semiflow property, then it is bounded-
persistent.
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A.2. Proof for the Reduced All-Encompassing Model.
Lemma A.2. The reduced network 18 bounded-persistent.

Proof. Assume the ordering of species Py, P, Cron, s B The reduced network has the
stoichiometric matrix

-1 0 1
. 1 =10
P=1o 1 =

0 -1 1

The minimal siphons of the reduced network are X1 = {P, P, Cpp,, } and Xy =
{P,Cyn,., Em}. By inspection, (0,0,1,1),(1,1,1,0) € ker (I'")" and so (0,0,1,1) and
(1,1,1,0) are P-semiflows. The siphon ¥; contains the support of (1,1, 1,0) and 3, contains
the support of (0,0,1,1). Thus, by definition, the reduced network has the siphon/P-
semiflow property. It follows from Theorem that the reduced network is bounded per-
sistent. 0
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