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From last time:

- A chemical reaction network is a graph with species,
reactions and complexes

A+B—o3a+Ccup

- Mass-action kinematics converts a network into a
dynamical system

- Monotone theory is used to prove global stability
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GLOBAL STABILITY!

We use the setup from [1].
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The SR-graph

- The SR-graph is a directed graph Gsg = (Vsr, Esg, Lsg)
- The set of vertices Vsg is the union of all species and
reactions
- Rules governing edges and labels:
1. If a species S is a reactant in any reaction or a productin a

— —
reversible reaction, then SR, RS € Esp.

2. If a species Sis a reactant in an irreversible reaction, then
% € Esg.

3. Let SR e E. If Sis areactant, L(S,R) .=+ and ifSisa
product, L(S,R) := —.



The SR-graph

Example (1-site phosphorylation)
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Rq R,
S+ E=——SgE——S51+E

R3 R,
S1+F=—5F——=5Sp+F
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The R-graph

- The R-graph is an undirected graph G = (Vg, Er, Lg)
- The set of vertices Vy is the set of reactions

- Rules governing edges:
1. If there is a length-2 path connecting R; and R; in the
SR-graph, then RiR; € £
2. Edges are labeled with the opposite of the product of the
labels on the length-2 path



The R-graph

Example (1-site phosphorylation)
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Graph Properties

Definition

An SR-graph is R-strongly connected if there exists a directed
path between every pair of reaction vertices.

Example (1-site phosphorylation)

K >R
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Graph Properties

Definition

We say an R-graph has the positive loop property if every simple
loop has an even number of negative edges.

Example (1-site phosphorylation)

R-graph

"



Stability Results

Theorem (Global Stability)
Let G be a reaction network satisfying several assumptions. Sup-
pose

1. the R-graph of G has the positive loop property,

2. the directed SR-graph of G is strongly connected,

3. concentrations do not not vanish asymptotically
(bounded-persistence), and

4 Rer T Nint K # 0.

Then G has a unique steady state and it is a global attractor.
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Graph Reductions




Removing Intermediates

To remove an intermediate Y, the following two conditions
must be met:

(11) Y consists of exactly one species and does not appear in
any other complex
(12) there exist unique complexes y and y’ such that
- eithery — Yory = Yis a reaction
- eitherY — y or Y =y is a reaction

- shared species in y and V' (represented by e) have the
same weights

cy—e—=y—e yYV—-—e—y—e y—e=y —eand
Yy —e =y — e are not reactions
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Removing Intermediates

From the network G = (S,C, R), we construct the reduced
network G* = (S*,C*, R*).
We define R* := R URYJ, where R} is the subset of reactions

in R that do not have Y as a product or reactant and

. Jly-—esy-e}ifysYY=syeRrR 0
o {y—e—=y —e}, ify=YeRorY—=Y R .

15



Removing Intermediates

Example (1-site phosphorylation)

R R,
So+E=—SoE—=S51+E

R3 R,
S1+F=——=5/F——=Sy+F



Removing Intermediates

Example (1-site phosphorylation)

Ri: Sp—=S;

R:: Sy —=Sg



Removing Intermediates

Example (1-site phosphorylation)

Chemical Ri: So——=5
network R:: S >~ So
ot SO
SR-graph RY < > Ry
"
+
R-graph Ry R




Stability Results

Theorem (Invariance Under Removing Intermediates)

Let G be a reaction network some basic network assumptions.
Suppose G* is a reaction network obtained from G by successive
removal of intermediates. Then

1. the directed SR-graph of G* is R-strongly connected if, and
only if, the directed SR-graph of G is strongly connected,

2. the R-graph of G* has the positive loop property if, and
only if, the R-graph of G has the positive loop property,

3. G* is bounded persistent if and only if G is bounded
persistent

5. RerT*NintK* 40 < Rer T nint K# 0.
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Processive Phosphorylation

n-site Processive Phosphorylation

Rq ks ks Ron—1 S K Ran1 S K
So+ K kN SoK " S1K e n—1 s n+
Loni lon—1 ls 0 A
Sp+F ™ SnF e G SHF % S.F - So+F

This model captures systems that are reversible, irreversible
and have product inhibition.
Last time we showed that the n-site model is globally stable.
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Processive Phosphorylation

Generalized Processive Phosphorylation

Pi+Ei===CH===Cp=== ... <——C1m =—==P+ E

Pop+bb===C1===C(p=== ... ===0(n, ===P3+E

Pnt+Em=—=Cm===Cm=== ... === Cmn, ==—=P1+En
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Processive Phosphorylation

Theorem (ME)

The dynamical system of the generalized model arising from
mass-action Rinematics has a unique positive steady state and
it is a global attractor.
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Processive Phosphorylation

Generalized Processive Phosphorylation

Pi+Ei===CH===Cp=== ... <——C1m =—==P+ E

Pop+bb===C1===C(p=== ... ===0(n, ===P3+E

Pnt+Em=—=Cm===Cm=== ... === Cmn, ==—=P1+En

23



Processive Phosphorylation

Generalized Processive Phosphorylation

Pi+Ei======== Cp=—= ... <——C1m =—==P+E

Pop+bb===C1===C(p=== ... ===0(n, ===P3+E

Pnt+Em=—=Cm===Cm=== ... === Cmn, ==—=P1+En
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Processive Phosphorylation

Generalized Processive Phosphorylation

Prt+br~=—""""""= Ciny, == =P+ £

Pop+bb===C1===C(p=== ... ===0(n, ===P3+E

Pnt+Em=—=Cm===Cm=== ... === Cmn, ==—=P1+En
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Processive Phosphorylation

Generalized Processive Phosphorylation

Ph+tb======C=== ... ===0n, ===P3+h

Pm+Em===Cm===Cm=== ... === Cpn, ===P1+En
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Processive Phosphorylation

Generalized Processive Phosphorylation
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Processive Phosphorylation

Generalized Processive Phosphorylation

Pi=—==P;

P===P;

Pm===P

28



Processive Phosphorylation

Generalized Processive Phosphorylation

Pr===P;

P3===P,

Pm==="P
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Processive Phosphorylation

Generalized Processive Phosphorylation

P1===Pn

Pn===P
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Processive Phosphorylation

Generalized Processive Phosphorylation

Ri: Pp===P,

R:: Pp===P
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Processive Phosphorylation

Chemical Ry Py > Pm
network R:: Pp—> P
Pr-e
(//> -y
SR-graph Ry R3

R-graph Ry R3
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Thank You!
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