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SLQ(Z):{[i b] :a,b,c,deZ;ad—bc:l}.

d
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SLy(Z)

SLQ(Z):{[i 2] :a,b,c,deZ;ad—bc:l}.

[o(NV)
A subgroup of SLy(Z) is T'o(N), defined as

Fo(N) = {[ ’ Z] € SLy(Z) : ¢ = 0 (mod N)}
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Modular Forms

Definition: Modular Form

A modular form of weight k for I = SL>(Z) is a function of f : H — C
such that:
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Modular Forms

Definition: Modular Form

A modular form of weight k for I = SL>(Z) is a function of f : H — C
such that:

e Fory= [ i 3 } €T, f(v(2)) = (cz + d)k f(z) for all z € H;
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Modular Forms

Definition: Modular Form

A modular form of weight k for I = SL>(Z) is a function of f : H — C
such that:

e Fory= [ i 3 } €T, f(v(2)) = (cz + d)k f(z) for all z € H;

o f is complex analytic; i.e. f is differentiable in z;
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Modular Forms

Definition: Modular Form

A modular form of weight k for I = SL>(Z) is a function of f : H — C
such that:

e Fory= [ i 3 } €T, f(v(2)) = (cz + d)k f(z) for all z € H;

o f is complex analytic; i.e. f is differentiable in z;

@ and lim,_,; f(2) exists.

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017



Modular Form: Eisenstein Series

Definition: Eisenstein Series
Consider the weight k Eisenstein series, Ey : H — C, defined as

1 1
B@=3 2 arap

(c,d)=

where ¢, d € Z and k > 3.

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N)

July 18, 2017 4 /18



Modular Form: Eisenstein Series

Definition: Eisenstein Series
Consider the weight k Eisenstein series, Ey : H — C, defined as

1 1
B@=3 2 arap

(c,d)=

where ¢, d € Z and k > 3.

e Rankin and Swinnerton-Dyer studied the zeros of Ex(z).

@ The zeros of Ex(z) rest on the the boundary of the fundamental
domain, F, where

J-':{ZGH:— §Re(z)§;,|z\21}.

N =
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Newform Eisenstein Series

Definition: Newform Eisenstein Series

Consider the weight k Newform Eisenstein series, E,, , x : H — C, on the
congruence subgroup o(g1g2) defined as

E

X1:X25

1 x1(¢)xa(d)
KD =5 D Ceat s d
(s (€27 F )
where ¢,d € Z, k > 3, and x1 and x» are primitive Dirichlet characters
with modulus g; and g, respectively.
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Newform Eisenstein Series

Definition: Newform Eisenstein Series

Consider the weight k Newform Eisenstein series, E,, , x : H — C, on the
congruence subgroup o(g1g2) defined as

E

X1:X25

1 x1(¢)xa(d)
KD =5 D Ceat s d
(s (€27 F )
where ¢,d € Z, k > 3, and x1 and x» are primitive Dirichlet characters
with modulus g; and g, respectively.

o We wish to find zeros of E,, ,, x(z) as weight k is sufficiently large.

o We utilize two different expansions to locate the zeros.
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Fourier Expansion

Definition

The Fourier Expansion for E,, , x(z) is defined as

Evixok(2) = e(xa, x2, k Z (Z x1(a)xz(b)b

n=1 \ab=n
where

o e(nz) = minz

e(x1, x2, k) is some constant independent of z.
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Fourier Expansion

Simplification
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Fourier Expansion

Simplification

Let F(z) =) (Z Xl(a);g(b)b"l) e(nz).
n=1 \ab=n

Let ;(z) = X2(j)j* te(jz), and to simplify the expansion, take a = 1 and
b=n.
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Fourier Expansion

Simplification

Let F(z) =) (Z Xl(a);g(b)b"l) e(nz).
n=1 \ab=n

Let ;(z) = X2(j)j* te(jz), and to simplify the expansion, take a = 1 and
b=n.

F(z) =Y fa(2) +6(2),

n=1

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017 7 /18



Fourier Expansion

Simplification

Let F(z) =) (Z Xl(a);g(b)b"l) e(nz).
n=1 \ab=n

Let ;(z) = X2(j)j* te(jz), and to simplify the expansion, take a = 1 and
b=n.

F(z) =Y fa(2) +6(2),

n=1
where
00 1 bk—l
< - — - .
el < 3t eazm) 32 (5
b<n
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Rouché’s Theorem

Rouché’'s Theorem

Let F and h be two complex-valued functions which are complex analytic
on a closed region V with rectangular boundary 9V. If

[F(2) = h(z)| < [F(2)] + [h(z)],

for all z € OV, then F and h have the same number of zeros, including
multiplicity, in V.
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Rouché’s Theorem

Rouché’'s Theorem

Let F and h be two complex-valued functions which are complex analytic
on a closed region V with rectangular boundary 9V. If

[F(2) = h(z)| < [F(2)] + [h(z)],

for all z € OV, then F and h have the same number of zeros, including
multiplicity, in V.

Why Rouché's Theorem?:
@ We count the zeros of a good approximation to F, namely h.

@ We consequently know the number of zeros of the original function F.
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Fourier Expansion

Approximation

Ghosh and Sarnak:
o They looked at Hecke cusp forms for Im(z) > V/k.

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017 9 /18



Fourier Expansion

Approximation

Ghosh and Sarnak:
o They looked at Hecke cusp forms for Im(z) > V/k.

@ The functions are best approximated by one term of the Fourier

expansion at n = £ with y = %.
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Fourier Expansion

Approximation

Ghosh and Sarnak:
o They looked at Hecke cusp forms for Im(z) > V/k.

@ The functions are best approximated by one term of the Fourier

expansion at n = £ with y = %.

For our purposes with Newform Eisenstein Series:

e Fourier expansion is used to approximate E,, ,, -(z) when

Im(z) > Vk.

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017



Fourier Expansion

Approximation

Ghosh and Sarnak:
o They looked at Hecke cusp forms for Im(z) > v/k.
@ The functions are best approximated by one term of the Fourier

expansion at n = £ with y = %.

For our purposes with Newform Eisenstein Series:
e Fourier expansion is used to approximate E,, ,, -(z) when
Im(z) > Vk.

@ The n=/¢ and n=/{+ 1 terms of the Fourier expansion gives a good
approximation for E, , x(z) for y =Im(z) in the range:

k=1 o k-1
27T(£+1)—yg+1_y_ye— 27l
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Main Term, hy(z)

Lemma 1

Consider the n= /¢ and n = /¢ + 1 terms of the Fourier expansion:

he(z) = Xa(O)0 Le(tz) + (€ + 1)(£ + 1)*Te((¢ +1)2)
— fi(2) + fora(2).
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Main Term, hy(z)

Lemma 1

Consider the n= /¢ and n = /¢ + 1 terms of the Fourier expansion:

he(z) = Xa(O)0 Le(tz) + (€ + 1)(£ + 1)*Te((¢ +1)2)
— fi(2) + fora(2).

Lemma (1)

The main term hy(z) has a unique zero xo + iyy in the region —% <x<
and yp+1 <y < yp, with xo and yp given as

e(x0) = —x2(O)x2(f + 1)

NI—=

and
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F(z) = h(z) + 5(2)

With hy(z), the function F(z) is now as follows:

F(2) = h(2) + B(2).
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F(z) = h(z) + 5(2)

With hy(z), the function F(z) is now as follows:
F(z) = h(z) + 5(2).
We write

B(2) = frya(2) + fi1(2) + 21(2) + £2(2) + 6(2)

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017 11 /18



F(z) = h(z) + 5(2)

With hy(z), the function F(z) is now as follows:

F(2) = h(2) + B(2).

We write
B(z) = frs2(2) + fio1(2) + €1(2) + e2(2) + 6(2)
where
o ci(z Zf(z)andagz)— Z fo(z

n=/(+3
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F(z) = h(z) + 5(2)

With hy(z), the function F(z) is now as follows:

F(2) = h(2) + B(2).

We write
B(z) = frs2(2) + fio1(2) + €1(2) + e2(2) + 6(2)
where
o ci(z Zf(z)andagz)— Z fo(z

n=¢+3
@ 0(z) as prewously defined.

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017



Define a natural normalization factor of F(z) as

N(y, k) =

and define the region V; as

—_

1
Vz—{ZGHZXo— SXSXoJr,yeHSySye}-

2 2
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Define a natural normalization factor of F(z) as

N(y, k) =

and define the region V; as

1
Vz—{ZGHZXo— SXSXoJr,yeHSySye}-

2 2

Let ¢ be a natural number with (¢, q2) = ((+1,q2) =1 and £ < ek for a
small € > 0. Then, E,, \, k(z) has exactly one zero in V.

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017 12 /18



Method for Proof

Rouché’s Theorem

Rouché’'s Theorem

Let F and h be two complex-valued functions which are complex analytic
on a closed region V with rectangular boundary 9V. If

|F(2) = h(2)| < [F(2)] + [h(2)],

for all z € OV, then F and h have the same number of zeros, including
multiplicity, in V.
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Method for Proof

Rouché’s Theorem

Rouché’'s Theorem

Let F and h be two complex-valued functions which are complex analytic
on a closed region V with rectangular boundary 9V. If

|F(2) = h(2)| < [F(2)] + [h(2)],

for all z € OV, then F and h have the same number of zeros, including
multiplicity, in V.

Then, on 0V, it suffices to show:

N(y, k) 15(2)] < N(y, k) [he(2)| -

Then, F(z) will have exactly one zero in V.

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017 13 /18



Proof of Theorem

Second Lemma

On 8Vg,

NGy 1) n(z)] > YE.
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Proof of Theorem

Second Lemma

On 8Vg,

NGy 1) n(z)] > YE.

To prove this lemma, we must break the boundary into three parts:
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Proof of Theorem

Second Lemma

On 8Vg,

NGy 1) n(z)] > YE.

To prove this lemma, we must break the boundary into three parts:

@ y =y, the top boundary;
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Proof of Theorem

Second Lemma

On 8Vg,

Ny ) ()] > F.

To prove this lemma, we must break the boundary into three parts:
@ y =y, the top boundary;
@ ¥y = ypi1, the bottom boundary;

Victoria Jakicic (Indiana University of PA) Zeros of Newform Eisenstein Series on 'g(/N) July 18, 2017



Proof of Theorem

Second Lemma

On 8Vg,

NGy 1) n(z)] > YE.

To prove this lemma, we must break the boundary into three parts:
@ y =y, the top boundary;
@ ¥y = ypi1, the bottom boundary;

e x=xp*t % the left and right boundaries.
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Proof of Theorem
Third Lemma

For all z € V,,

NG 1302 < e+ oerp (1)
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Proof of Theorem
Third Lemma

For all z € V,,

foben( ).

To prove this lemma, we must break (z) into three parts:
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Proof of Theorem
Third Lemma

For all z € V,,

NG 1302 < e+ oerp (1)

2kg Ty 42

To prove this lemma, we must break (z) into three parts:
o fyi2(z) and fr_1(2);
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Proof of Theorem
Third Lemma

For all z € V,,

NG 1302 < e+ oerp (1)

2kg Ty 42

To prove this lemma, we must break (z) into three parts:
o fyi2(z) and fr_1(2);
@ ¢1(z) and e3(2);
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Proof of Theorem
Third Lemma

For all z € V,,

NG 1302 < e+ oerp (1)

2kg Ty 42

To prove this lemma, we must break (z) into three parts:
o fyi2(z) and fr_1(2);
o £1(z) and e3(z);
e 0(z2).
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Proof of Theorem

From Lemma [1], [2], and [3], the theorem

The function E,, ., k(z) has exactly one zero for in the region V. l

is proven as

;{(i—i-\zﬁexp( k><\2}.
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Thank you.
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