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Abstract

We look at classing strictly weakly integral modular categories of di-
mension 4¢> and 2°. Motivation to classify these categories comes from
their importance in various fields of mathematics, including topological
quantum field theory, conformal field theory, representation theory of
quantum groups, vertex operator algebras and applications in physics.
To classify these categories we look at the possible number of invertible
object and then look at the trivial component %,4. From there we can look
at the cases for the non-integral component and classify the possibilities.

1 Introduction

A modular category is a non-degenerate pre-modular braided fusion category.
This paper deals with the classification of strictly weakly integral (s.w.i)
modular categories of dimension 4¢? with ¢ being an odd prime and 2°. A cate-
gory is strictly weakly integral if it has components with non-integral dimension
of the form Z./n with n a square free integer.

Theorem 1.1. Let € be a s.w.i. modular category.
1. If FPDim(€) = 4¢* then € is
(a) The gauging of the particle-hole symmetry of a pointed modular cat-
egory of order ¢*
or

(b) A generalized Tambara-Yamagami category
2. If FPDim(%) = 2° then € is

(a) BRI X I where B is pointed with dimension 2 and I is an Ising
modular category

or

(b) IRD where 2 is pointed with dimension 23 and I is an Ising modular
category



2 Background

In this paper we deal with strictly weakly integral categories which have in-
teger Frobenius-Perron dimension, where not all simple objects have integer
dimensions [2]. The Frobenius-Dimension is the sum of the squared Frobenius-
Dimension of the simple objects up to isomorphism classes [1].

From previous results we know that a weakly integral fusion category is
faithfully graded by an elementary abelian 2-group [3]. Other useful results
follow.

Theorem 2.1. If p and q are odd primes and € # Vec is a fusion category of
dimension p®q® then € contains a non-trivial object [1].

Generalized Tambara-Yamagami categories are non-pointed fusion
categories where the tensor product of two non-invertible simple objects is a di-
rect sum of invertible objects [3]. Ising modular categories are non-pointed
modular categories with dimension 4 and rank 3 with two simple objects of
dimension 1 and one of dimension v/2 [2].

Let 2 be a full subcategory of 4. The centralizer of & in € is the full
fusion subcategory

9 = {X € %leX ocxy = idX®y VY € @} [1]
with the property that
FPdim(2)- FPdim(2’) = FPdim(%).

If @ is a weakly integral modular category with a unique simple isomorphism
class of objects X such that FPdim(X) ¢ Z, then € is equivalent to an Ising
modular category [2].

If the category € has the property that every every irreducible object X,
where dim(X) € Z[v/2], actually has dimension v/2, then the category contains
an Ising category.

A result that will be used in the 2° case:

Theorem 2.2. If € is a s.w.i. modular category of dimension 2*, then € =
IX 2 where P is Ising or a pointed modular category with dimension 4 [3]

another result that will be used:

Theorem 2.3. If € is a s.w.i. modular category, then 4|dim(€) [3]

3 Categories with dimension 4¢>

Theorem 3.1. Let € be a s.w.i. modular category with Frobenius-Perron di-
mension 4¢>. Then € is

1. A gauging of (Gint)z,

or



2. A generalized Tambara-Yamagami category

Let € be a strictly weakly integral category of dimension 4¢%. Since FPdim(z)?
must divide 4¢2, the possible dimensions of the simple objects are 1,2, ¢, 2¢, V2, ¢V/2, V4 2/q and+/2q.
Recalling that there is an elementary abelian 2-group F that is a faithful grad-
ing, we can conclude that |E| is either 2 or 4.

1. |E|=4
FPDim(%;,) = 2P — (2 1p this case looking at the integral part

|E|
we have that

® = a+4b+ cg® + 4dqg?,

where a, b, c and d are the number of simple objects of dimension 1, 2, ¢
and 2q respectively.

Since 4¢> > ¢?> we have that d = 0. Given that a is the number of
invertible elements and thus equal to |U(C)|, 4|a, which also means 2|a.
But a|g? and by transitivity 2|q?, which is a contradiction because ¢ is an
odd prime. So |E| # 4.

2. |E| =2

FPDim(%;) = %ﬁn(c) = 2¢%. Once again looking at the integral part
we get that

2¢% = a +4b + c¢¢® + 4dq¢?,

where a, b, c and d are the number of simple objects of dimension 1, 2, ¢
and 2q respectively. As in case 1, d is zero. Since |E| must divide a
and a must divide FPDim(%}), 2|a and a|2¢®> which means the number
of invertible objects is 2, 2¢ or 2¢%2. We also note that ¢ = 0, meaning
in the integral component there are only invertible objects and objects of
dimension 2.

(a) a=2
When there are two invertible elements in ¢, there are 3(¢* — 1)
simple objects of dimension 2. There are 4 possibilities for the non-

integral component.
Consider the category, B, generated by the non-trivial self-dual ob-
ject. Either g € Z3(B) or g ¢ Zy(B).
* g ¢ Z(B)
In this case Z3(B) = Vec, meaning B is a modular subcat-
egory. Then ¥ = BX 2 with 2 a strictly weakly integral
category of dimension 2¢? but 4 must divide the dimension
of 2. So this case cannot happen.
® g€ Zy(B)



— sVec
In this case g cannot stabilize any object in the integral
component. Since this is not the case, Z3(B) is not sVec.
— Tannakian
In this case we can de-equivariantize € to Cg.
If an object x is stabilized by g, then in Cg there are two
objects with dimension %m(z).
If an object y is mapped to an object w, then in Cg there
is one object of dimension FPDim(y) = FPDim(w).

i. ¢ simple objects with dimension v/2
Since g stabilizes an objects of dimension v/2 then in C¢ there

is an object with dimension \/g which cannot happen.

ii. 1 simple object with dimension gv/2
Since this object is stabilized by g there is a simple object with
dimension %ﬂ This is an improper dimension so this case cannot
happen.

iii. q simple object with dimension /2¢
Like in the previous cases a simple object with dimension 1/2¢
is stabilized and in Cg there is an object with dimension \/g
which is not a proper dimension.

iv. j simple object with dimension 2,/q and 2(¢q — 2j) simple objects
dimension /g with j < L%J
Consider the object 1. Since 1 ® g = g, meaning g does not
stabilize 1, there is 1 invertible object in Cg.
Let Y; be a simple object of dimension 2. Since Y; ® Y* =
1® g @Y we know that ¢ must stabilize all the simple objects
of dimension 2. The % simple objects of dimension 2 in ¢
become ¢? — 1 invertible objects in Cg.
Let X; be a simple object of dimension 2,/g. Again we see that
XX =194 YK%;%. Since ¢ stabilizes X; the j simple
objects in ¢ become 2j simple objects of dimension /g in Cg.
Let Z; be a simple object of dimension ,/q. Again we see that
ZiQL; = 1EBYK§(_:11. Since g does not stabilize Z; the 2(q —2j)
simple objects in % become ¢ — 2j simple object of dimension
Vais Cg.
By collecting all the simple objects in Cq we get ¢? invertibles
and ¢ simple objects dimension /g. Since (€jn¢)z, is pointed, ¢
is a gauging of the particle-hole symmetry of a pointed modular
category of order ¢2.

(b) a=2q
When there are 2¢ invertible objects and %g(q — 1) simple objects

of dimension 2 there are three possibilities. First let us consider
the case when C,4 has two invertibles and %1 simple objects with



dimension 2. Like in the previous case if we look at B generated by
the non-trivial self dual object, it must be Tannakian and we can
then de-equivariantize the category to Cg.

i. 2q simple objects with dimension /g
Consider the object 1. Since 1 ® g = g, meaning g does not
stabilize 1, there is 1 invertible object in Cg.
Let Y; be a simple object of dimension 2. Since Y¥; ® Y, =
1® g @Y we know that g must stabilize all the simple objects
of dimension 2. The % simple objects of dimension 2 in €
become ¢ — 1 invertible objects in Cg.
Let X; be a simple object of dimension ,/g. Again we see that
XX =1o YK%(_:ll. Since g does not stabilize X; the 2q
simple objects in ¢ become ¢ simple object of dimension ,/q is
Ce.
By collecting all the simple objects in Cg we get ¢? invertibles
and ¢ simple objects of dimension /g. Since (€in¢)z, is pointed,
% is a gauging of the particle-hole symmetry of a pointed mod-
ular category of order ¢2.

ii. ¢? simple objects with dimension v/2.
Since an object of dimension /2 is stabilized by ¢ in Cg, there

V2

is an object with dimension 5=, which cannot happen.

iii. ¢ simple objects with dimension 4/2gq.
Like before all objects of dimension 4/2¢q are stabilized by g and
thus there exists an object with dimension ¥24  which cannot

happen. ’
(c) a=2¢>
The only break down is when there are 2¢2 invertible object and ¢
simple objects of dimension v/2 in €. Since the tensor product of
any two non-invertible simple objects is a direct sum of invertible
objects, € is a generalized Tambara-Yamagami category.

4 Categories with dimension 2°
Theorem 4.1. Let € be a s.w.i. modular category with Frobenius-Perron di-
mension 2°. Then € is

1. BRIIX I where B is pointed with dimension 2 and I is an Ising modular
category
or

2. IR 9 where 9 is pointed with dimension 23 and I is an Ising modular
category.

Let € be a strictly weakly integral category of dimension 2°. Since FPdim(x)?
must divide 2°, the possible dimensions of the simple objects are 1,2,22,v/2,2v/2,



and 221/2. Recalling that there is an elementary abelian 2-group E that is a
faithful grading of ¥, we can conclude that |E| = 2.

We can then find the dimension of the integral component, FPDim(%%) =
FPDim(C)

Z] = 2%, Once again looking at the integral part we get that

24 = 4 + 4b + 16¢,

where a,b and ¢ are the number of simple objects of dimension 1, 2 and 4
respectively. We know since |E| must divide a and a must divide FPDim(%%)
that 2|a and a|2¢? but since 4 must divide a we see that the number of invertible
objects a is 22, 23 or 2*. We also note that ¢ = 0, meaning in the integral
component there are only invertible objects and objects of dimension 2.

1. a =22

When there are two invertible elements in % there are 3 simple objects of
dimension 2. There are 3 possibilities for the non-integral component. In
%aaq there are 4 invertibles and 1 simple object of dimension 2

Consider the category, B, generated by the non-trivial self-dual object in
%ad, 50 g € Z2(B) or g & Z>(B).

Either
* g¢ Z(B)
In this case Z2(B) = Vec, meaning B is a modular subcategory.
Then € = BX 2 of @ a strictly weakly integral category with
dimension 2*. This category is classified: € = I X 2 where 2 is
Ising or pointed.
® g S ZQ (B)

— sVec
In this case g cannot stabilize any object in the integral com-
ponent. Since this is not the case, Z3(B) is not sVec.

— Tannakian
In this case we can de-equivariantize ¢ to Cg
If an object x is stabilized by g, then in Cg there are two
. . . . FPDim(x)
objects with dimension ————.
If an object y is mapped to an object w, then in Cg there is

one object of dimension FPDim(y) = FPDim(w).

(a) 2 components with 1 simple object of dimension 2v/2

In Cg we get that there are 8 invertibles and 4 simple objects of
dimension /2 but this case cannot happen.

(b) 1 component with 1 simple object dimension 2v/2 and 1 component
with 4 simple objects dimension v/2
Since we cannot get a simple object of dimension 2v/2 from I X 2
where 2 is Ising or pointed, this case cannot be modular. This
case also cannot be Tannakian; by choosing the self-dual element
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2.

that stabilizes a simple object of dimension /2 we get an object of

V2

dimension 5= which cannot happen.

(c) 2 components with 4 simple objects of dimension v/2

By the self-dual element that stabilizes a simple object of dimension
V2 we get an object of dimension g, which cannot happen, so &
is not Tannakian. It can be modular and since there is an object of

dimension 2 we get that € = BRI X [.

a=23

When there are 22 invertible objects and 2 simple objects of dimension
2, there are three possibilities. Unlike the previous case we look at @j;.
In this case we find Z5(%;,t) is equivalent to Rep(Z3) = < ¢g > and
Tannakian, allowing us to de-equivariantize to Cg. The only case for the
non-integral component is 8 simple objects with dimension v/2.

In this case g cannot stabilize any simple object of dimension v/2. In
Cg there are 8 invertibles and 4 simple objects of dimension v/2. But by
looking at this case further we see that it cannot happen.

La=2%

The only break down when there are 24 invertible objects is that there are
23 simple objects of dimension v/2 in the non-integral components. Since
the tensor product of any two non-invertible simple objects is a direct sum
of invertible objects, it is a generalized Tambara-Yamagami category.

Discussion

Future work includes looking at 4p?q, 4p%¢® and 2".
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