EFFECTIVE BOUNDS FOR TRACES OF MAASS-POINCARE SERIES

HAVI ELLERS AND MEAGAN KENNEY

ABSTRACT. We give an asymptotic formula for the traces of Maass-Poincare series with an effective
bound on the error term, and extend this to produce an effective upper bound for the traces
themselves. These results can be specialized to the modular j-function. Zagier [8] has shown that
the traces of the j-function appear as Fourier coefficients of weakly holomorphic modular forms of
half-integral weight that are constructed using Zagier’s lift. Further, works of Duke and Jenkins
[1], and Miller and Pixton [4] show that the generating functions of traces of Maass-Poincare series
appear in the holomorphic part of certain half-integral weight weakly holomorphic modular forms
for I'g(4). Thus our work can be used to give effective upper bounds for the Fourier coefficients of
these half-integral weight modular forms.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let d < 0 be an integer with d = 0,1 mod 4. Let Sy be the set of SLs(Z)-reduced, positive
definite, integral binary quadratic forms of discriminant d, and let h(d) = #S4 be the class number
of d. Given a form Q(z,y) = agx? + bgry + cqy® € Sy, define the associated CM point

—b d
_ Q‘f’\fe

H
2a¢

TQZ

in the complex upper half-plane H. Since @ is reduced, 7¢ lies in the standard fundamental domain
for SL2 (Z)
Let f: H — C be an SLy(Z)-invariant function. Define the trace of f(z) by

Tra(f) = Y f(7q)-

QESy

In this paper we are interested in giving effective bounds for traces of a certain family of Maass-
Poincaré series. To define these functions, for v € Z™ and s € C, let

Fsy(2) = 2y 3 Z Im (’yz)% I
'YGFOO\SLQ(Z)

(2rvIm (yz)) e (—vRe (vz)), Re(s) >1

-1
2

where Iy_j 5 is the I-Bessel function of order s —1/2 and e(z) := ™. The Poincaré series F ,(2)
is an SLy(Z)-invariant eigenfunction for the hyperbolic Laplacian A with eigenvalue s(s — 1).
Moreover, Niebur [6] showed that Fy,(z) has an analytic continuation to Re(s) > 1/2.

To motivate our interest in giving effective bounds for traces of the Poincaré series F ,(2), we
consider first the relationship between these functions and the classical modular j-function. Recall
that the j-function is given by a Fourier expansion of the form

§(2) = q 1 4744+ 196884 - g+ -, q:=e(2).

The CM values j(7g) are algebraic numbers called singular moduli. In the seminal work [5],
Zagier proved that the generating functions of traces of singular moduli appear as holomorphic
1



parts of half-integral weight weakly holomorphic modular forms for I'g(4). It is known that
J(z) = F11(2) + 720. (1)

Therefore, it is natural to ask whether the generating functions of the traces of Fj,(z) also
appear as holomorphic parts of half-integral weight weakly holomorphic modular forms for I'g(4).
This indeed the case, as is proved in the work of Duke and Jenkins [1], and Miller and Pixton [4].
Our Theorem 1 below can be used to give effective bounds for these Fourier coeflicients.

Theorem 1. Let s > 1 be a real number and v € Z*. Then
Try(F. Z 2T Im TQ))%IS_%(27TVIIH(TQ))€(—I/R€(TQ)) + E(s,v,d)
QESq
where E(s,v,d) satisfies the bound
E(s,v.d)] < O(s, v)h(d).
where C(s,v) is the explicit function of s and v defined by equation (39). In particular, we have
Tra(Fy )| < C'(s,v)e™ VI n(d).
where C'(s,v) is an explicit constant that we define in equation (56).

Set J(z) := j(z) — 744 for convenience. Then recalling the identity (1), we immediately get the
following corollary.

Corollary 1. We have
Try(J) =27 E (Im(mgq)) % I, (2rIm(7mg))e(—Re(1q)) + E(1,1,d),
2
QESy

where
|E(1,1,d)| < (1.72 x 10%)h(d).
In particular, we have

Tra(J)] < (1.73 x 109)A(d)e™V .

2. EFFECTIVE BOUNDS FOR THE COEFFICIENTS OF F), (%)

From [6] we have the following Fourier expansion for the Maass-Poincaré series:
47T1+SO'25_1(V)

1
(2s — 1)P(3)C(23)y

Fs.(z) = 27r1/5_%y%1'5_; (2mvy)e(—vz)+ S pdryiTe Z b(n,v; s)y%KS_; (27 |n|y)e(nz)
2 2

n#0
where
dm\/nv
S(n,—v;c) f2s—1 ( ¢ ) n>0
>0 Jgs 1|\ ——— n <0

S(abic) = > <ad+c-bd>

d mod ¢
(e,d)=1
is the ordinary Kloosterman sum, I'(s) is the gamma function, ((s) is the Riemann zeta function,
09s—1(v) is the divisor function, and I,., J,., and K, are the I, J, and K Bessel functions, respectively,
of order r.
2



Proposition 1. For any real number s > 1 we have the following bounds for |b(n,v;s)|. For
nez :
b(n, 3 )| < Ca(s,v) n]*
and form € Z":
b(n, v;8)| < Ca(s,v)ne ™V,
where C1(s,v) and Ca(s,v) are explicit functions of s and v, given by equations (12) and (28),
respectively.

Proof. Let s € R be such that s > 1. First, using the series [7, 10.2.2]

251 (_1)k 2 g
Jas—1(2) = (5)2 lkzﬂlms(jl)g)

we find that
2\ 2s—1 > 1
Jas1(2)] < (5 2
| Jas—1(2)] < (2) kZ:04kk! IT(2s + k)| ?

for 0 < z < 1. If z > 1 then it is convenient to use the asymptotic formula [5, p. 3],

1/2 N-1 aon(2s —
Jos—1(2) = <7r22> <cosw (Z (—1)’“%(3%1) + Ré}@(z, 25 — 1))

k=0
N-1
. ma2m+1(2s — 1 J
— sinw < g (-1) % - R§]\2+1(z,2s — 1)))

where N = {s—%w andw::z—ﬂ'(s—%).

Note for the following inequalities that given w # 0 (see [5, p. 4])
Ap(w) == wPe”T(1 — p,w)

L (1) = % (A (weE) + Ay (w57))

where I'(1 — p, w) is the incomplete Gamma function.
Now, from Theorem 1.5 in [5]

|a2N(23 — 1)’

J
‘jo\;(z,ls—l)‘ < 22V

sup [IIon (227)]
r>1

and

|agn+1(2s — 1)
RN ()| = T sup M (221
=

From [5, Proposition B.1], for p > 0,

II,(22r) < 1. 3)
Utilizing (3) and the fact that z > 1,
‘RSJ]\;(Z,QS - 1)‘ < lagn (25 — 1) (4)
and
’Ré‘jj\;ﬂ(z’ 7“)‘ < lagn4+1(2s = 1)]. (5)
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Furthermore, again since z > 1,

= a 25 -1) =
Z i (6)
=0 k=0
and
N-1 N-1
m A2m+1 2s — 1
SR < 5 o251 @
m=0 m=

Thus using inequalities (4)-(7) and the fact that [cosw| < 1 and [sinw| < 1 ,we get:

2\ /2 T Jan(2s — 1 J
a2 < () (|cosw| (Z 2O R 2s - )
k=0
Ry Y (2s 7
. 2m—+1
+ ’Slnw‘ (Z <;27n+1‘ ’Réj\/)v+1 Z 28— 1)’))
m=0
9 \1/2 (N-1 N-1
<(2) (Z Jak(@s — D] + laow(2s — D]+ 3 laamer (25 — 1] + aaw1(25 - 1>|)
k=0 m=0
9\ 1/22N+1
~(2) X s ®)

k=0
for z > 1. Recall the formula for b(n,v;s) for n < 0 is given by

b(n,v;s) = Z S(n,c—v;c)st_l <47T V|n|y> )

c>0 ¢
Using the Weil bound,

1S(n, —v;c)| < 7(c)(n, —v, )2 /? (9)
where 7 is the divisor function, and noting that
(n, —v,¢)"/ < [n]'/*
we get
) |n|'/?
b s < 3 A
c>0
We now want to split up the sum and use inequalities (2) and (8):

T (Y

Cc

|b(n,v;s)] < |n|1/2 Z ﬂ

/2

>
c> {47r\/|n¢J

4dmy/In|v
J2s—1 —

c=1

" 1 1/29N+1 {4” In| J
<In S ap(2s — 1 T(c
<n (WW) TGS IR

c=1

25—1 2 1 T(C)
+(2nv/nlv) kZ:O 4FEIT (25 + K)| 2. oo



Note that [2, p. 10] for all € > 0
7(c) < Cle)c*

where
C(e) := maxa+ 1.
QZO pOéE
p<21/e
Thus if we let € = % we get that
T(c) < C(1/2)c? (10)
noting that
46
C(1/2) = e2log2log3’
It is also known that
7(c
ST ) )
c>0
for all s € C with Re(s) > 1. Thus we use (10) and (11) to show that
{47r\/\n|uJ 0o
1/2 2 —1/2 1/2 25=1 1 2 1
Ib(n, v; 5)| < |n| (27r \/|nly> ci) Y My (2m/ynyy) > IWETEOI (25— 1)
e=1 k=0 )
12 12 2N+1 L o 1 (3] 1
< 2 1/2 25 — 1 73 (2 o 2 (25 -1
< fnl <<3 )2 00/2) 3 s = D+ ol (Grv)* S G (2 2))
IN+1 > 1
< | 32m)2C(1/2 25 — 1 Am?y)T3 2(2s— 1 ‘.
< ((3 mIC(2) 3 laut2s =)+ () H S g (2o ) | o
Thus we see that if we define
2N+1 ) o0 1
_ 1/2 _ 2 \s—1 2 1
Ci(s,v) : ((32m) C(1/2) kzo |lag(2s — 1)|) + (4n?v)2 ;04kk!|r(28+k)‘g (25 2))
2[s—3]+1 0o )
= | (32m)2C(1/2 25— 1 An2y) 2 2 (25— 1
(32m)'2C(1/2) ; Jar(2s = 1)]) + (4n*v) 2;4kk!|r(2s+k)|< (25— 3)
(12)

then
b(n,v;5)| < Ci(s,v) |n|”

for n < 0, as stated in Proposition 1. We now bound b(n,v; s) for n > 0. First, using the series [7,
10.25.2]

2 I'(2s + k)

N
Baa(s) = (2)7 ki)k'<4>
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we get that

2s—1 1
s 1(2)] < ( ) 13
B2s1(2)] < (5 ;4kk!yr(2s+k)y (13)
for 0 < z < 1. Now we will look at the case when z > 1. From [5, equation A.4] we get the identity
Ins_1(2) = FoKos_1(2e¥) £ LMD, () (14)
v s

and the asymptotic formulas

+7i el (1/2) z = mam(zs_l) (K) F7e
Kos_1(ze™) = +i (27) e | Y ()m T 4 R (2 25 - 1) (15)

m=0
and
M-—1
(1/2) m(2s — 1
Kos1(2) = <%> e* (Z “(;m) + R (2,25 — 1)> (16)
m=0

where M := [2s — 1]. From (14) we can write

1 s 1 . 2
H2s-1(2)] < —[K2s-1(2e™™)| + —| Kas—1(2€™)] + —[Kas-1(2)].

Now [5, equation 1.26] from Neme’s Theorem 1.5 provides that for |argw| < 2F we get that
K |aa (V)]
‘ng)(w?y)‘ < 57 Sup ’AM+max(07l_V)(2wr)’ (17)
lw|™ r>1
giving us that
K
[Rfs (222 = D] < oz 25 = )] sup [A 1y (227)
and
]Rms 1]( ze™, 25 — 1)| < |afas—17(2s — 1) sg;l) | Ar2s—1 (2z€™7)] .
And then [5, Proposition B.1] tells us that
‘A[stl-\ (QZT)‘ <1, (18)
and
|Ar2s—11 (2zeimr)‘ <\/e([2s] — 3). (19)
Thus from (18) and the fact that z > 1 we get that
K
[R{ (2025 = 1)] < Japs (25— 1)] (20)
and similarly, using (19)
|R(25 11( em,Qs -1 < ’0[25_1"(25 — 1)‘ e ([25] — %) (21)
Also observe that as z >1
[25—2] [25—2]
25 —1)
(S ' Z lapm (25 — 1)] (22)
m=0




and

[25—2]

[25—2] an,
R ’ Z lam (25 —1)| (23)
m=0

Using equation (16) and inequalities (20) and (22), we see that

[2s—2]
|Kas—1(2)| < ' ( )(1/2) _ ( Z lam (25 — 1)| + |afas—17(2s — 1))

[2s—1]

:( >(1/2 —F Z |am (25 — 1)]

And from equation (15) and inequalities (21) and (23), that

[25—2]
| Koo_1(z€™ )|<< ) (Zam 25 — 1) + |af2e_17 (25 — 1) /e (125] ) (25)

And similarly using (15), (17), and (19) we get that

[2s—2]

. (1/2)
K1 (z6-™)| < (7> ¢ Z |am (25 — 1)] + |afas_17(2s — 1) /e ([25] — 1 (26)

Thus we have that

1 1/2 [25—2]
Ios_1(2)| < - (7) Z |am (25 — 1)] + |agas_11(2s — 1)| yJe ([25] — 3 (27)
[2s—2]
1 (1/2)
+;< ) (Zam2$1+}a[281231\/ ([2s] )

[2s—1]
(1/2)
+2 (2)1 ZmZo\am(?s—m
[25—2]
é%(7> (1/2) (Z |am (25 — 1) + |afas_17(2s — 1) \/T)
[2s—1]
#2(5)" e X e

[2s—2] [2s—1]

(1/2)
§<7T22’) (Zam%l—ﬂamsl 25—1’\/7 ZamQSl)

for z > 1. Recall the formula for the coefficient b(n,v;s) for n > 0 is given by

4/
b(n,v;s) Z I251<7Tcm/>.

c=1




Utilizing the bound from (9) and splitting up the sum we get that

= |S(n, —v; 47/
b(n7y; S)’ S Z‘(nc]/c” -[25—1 < Trcny> ’

nt/? (47ﬁ/ny> ‘
23 1

—Z 172
[47y/nv/]

Ry 7(c) 4m/nv 7(c)

=n"/ ( Z -(1/2) I3s— 1( c >‘+ Z (1/2)

c>|4my/ny|

c=1

e () )

Plugging in the values of (13) and (27) and applying (10) and (11) yields

[4my/nv ]
|b(n, v;s)| < n'/? ((27‘(2\/7“/)1/2 Z T(c)eh\c/nj)

c=1

[2s—1] [25—2]
X Z\am(2s—1)|+ Z]am2s—1|+|a[23 11@2s —1)[\/e([25] — 3)

m=0

1/2 2s—1 1 7(c)
o <(2“ ) Z TRT@ R 2
c>|4my/nv|

< nl/? ((32%711/)1/20(1/2)@4”\/’5)

[2s—1] [25—2]
< | D lam(2s — 1) + Z |am(2s = 1)| + |agas_17(25 — 1)| /e ([2s] — 2)

m=0

+nl/? ( 2(2m\/v)%5” 124’%'\I‘ 23+k)]c2 (Zs’—%))

[25—1] [25—2]
< ((3271‘1/)1/20(1/2) ( D lam(2s — 1) + Z |am(2s — 1)] + |afas—17(25 — 1)| /e ([25] — 3 )

m=0

o)

1
4 2 \s—1 § : 2 25 — 1 4m/nv s
)T P 4kk!\r(2s+k)\C (25=3) | "

Thus if we define

[2s—1] [2s—2]
Cy(s,v) :=(32m)/2C(1/2) ( Z lam (25 — 1)| + Z |am (25 — 1)| + |afas—17(2s — 1) y/e ([2s] — 3 )
m=0

o0

1

+ (4n%) 3 kzo R k”g? (25 — 1) (28)
then
lb(n, v; s)| < Ca(s,v)e™ ™ p
for n > 0, as stated in Proposition 1. O



3. PROOF OF THEOREM 1

Proof. Inserting the Fourier expansion of F,(z) into the definition of the trace, we get

Trq(F. Z 2T Im TQ))%I (27rVIm(TQ))e(—1/Re(TQ)) + E(s,v,d)
QESy

where
E(s,v,d) := Ey(s,v,d) + Ea(s,v,d)

with

7.‘_1+50_ o1 (v _
Ey(s,v,d) == ) (;_1)13(3)15(2)8) (Im(rq))"

QeS,
(s,v,d) i= > 4™ 2y b(n,v5s)(Im(7g)) 2 K, _1 (27 |n| Im(rq) )e(nRe(rq))
QESy n#0

First we will bound FEj(s,v,d). Since s > 1, we have 1 —s < 0. Also, as mentioned in the
introduction, all of the 7g that we are summing over lie in the standard fundamental domain F
for SLy(Z). From the geometry of F, it can be seen that any point lying in F has imaginary part

greater than or equal to @ Thus

Im(rg) > \gg
4ritsogs 1 (v) 1-
Ex(s,,d)| < (m(re)) ™
' Qze;d (2s = DT'(s)¢(2s) ¢
4ritsogs 1 (v) <\/§> -
§ Vo
= Qze;d (2s —1)I'(s)¢(2s) \ 2
47r1+80'23—1(y)
< 2 @ o DG

QEeSq
_ Z 47‘(’ +50’25 1( )
e 2s — 1)I'(s)¢(2s)
47T1+SO'25_1(V)
= h(d). 29
@5 — ()¢ s) (#9)
We will now bound FEs(s,v,d). Let

Es(s,v,d) := 4mv®~ Z Zb (n,v;s)(Im TQ))1/2K (27r|n|Im(TQ))e(nRe(TQ)), (30)
QeSS n<0
Ey(s,v,d) := 4nv°™ Z Zb n,v;s)(Im TQ))I/QK (27T\n|lm(TQ))e(nRe(TQ)), (31)
QeSgn>0
so that

EQ(Sv v, d) = E3(87 v, d) + E4(S’ v, d)
9



In order to bound these error terms, we first bound K__1 (27 |n|Im(7g)). From [5, equation A.4]
2
we get the asymptotic formula

! Y2 onjuiin(rg)
bl i) = () e
[s—1] 1
am(s — 3) (K) 1
R 2 I - = . 32
“\ 2 @ity e (=g ) ) (32
Recall that Im(rg) > § Using this and a similar method as that used to reduce inequality (17)
we get that
1
(5 < 1>‘ lara) (s = 3)]
R 2m In|Im(rg),s — = || < SUp |Arg)max(0.1—s) (47 |n| Im(7g)r
) (27l (). 5 - 5 e sl o))
< lars) (s = 3)|-
Then combining (32) and (33),
L V2 anfulin(re)
K (2 I < - —2m|n|lm(rq 4
&,y erlaltntr))] < (i) € (3)

[s—1]

| 2

+ ‘R%) <27r In| Tm(rg), 5 — ;) D
m=0

1 V2 einlim(rg) = 1 1
(Mn!lm(m)) ‘ ¢ %‘GW(SWH +erg (8—2)}>

1 1/2 prlnlim(re) [s]
— - - —2m|n|lm(7g 1
(aTncer) 2 lents=2)l ).

m=0

am (s = 3)
(27 |n| Im(q))™

IN

We now bound |Es(s,v,d)|. Recall from Proposition 1 that
|b(n,v;s)] < Ci(s,v)|n|’

for n < 0, where Ci(s,v) is defined in equation (12). Combining this bound with equation (30)
and inequality (34),
[s]
|Es(s,v,d)| < 200" 2C1(5,0) > [am(s = 1) 3 D7 [n*~2 eI e (nRe(rq) )|

m=0 QESyn<0 (35)
) [s] 1
=23 35, )Y Jan(s — 5| S IntE 3 e 2rhiina),
m=0 n<0 QESy
As observed earlier, Im(7g) > é’ S0

—2mnIm(rg) < —mnV3,
and thus
Z e~ 2minllm(7q) < Z e TInlV3
QESy QESy (36)
< h(d)e~mI"IV3,

10



Combining inequalities (35) and (36), we get

[s]

[Ba(s,v.d)| < 2m°"3C1(5,0) Y am(s = )| h(d) Y [nf* 72 V3
m=0 n<0
[s]

< om0 301 (5) Y Jom(s ~ D) [ ahe

m=0 0

:2mﬁécﬂ&wg%Mm@—éﬂmw<w;98%r<s+;>

m=0

[s]
<m0 )L, 3 [ants — DIT (5+1).

m=0

We will now bound |E4(s,v,d)|. From Proposition 1 we have that
b, v; 5)| < Cha(s, )€™V
for n > 0, where Cy(s,v) is defined in equation (28). Utilizing (31) and (34),

[s]
|Ba(s,v,d)| < 200 "2Co(5,0) > Jam(s — 3)[ D Y V372 72mIn(0) fe(nRe(rq))|

m=0 n>0Q€eSy
1 ’781 1
< 2w 20(s, I/)Z |am(s — 3)| 22647“/Wnsf§ Z e~ 2mnim(rq)
m=0 n>0 QESqy

Similar reasoning as used to achieve (36) gives us that
Z 6727rnlm(TQ) < h(d)efﬂn\/g.
QESq
And thus we get
1 I—’S-| 1
|Ey(s,v,d)| < 2mv°"2Cs(s,v) Z lam(s = 3)] h(d)Zns_i exp(4my/nv — mnV/3).

m=0 n>0
Observe that

47r\/ﬁ—7m\/§:—n<7r 3—47:/?>7

and note that when n > [1%2| we have

Tr\[—47:/\§>0.

Let n > [182]. Then

47rﬁ27r\f— 4m\/v

™3 — NG [16%1

and thus

“n <mf— 47rf> <-n (mf dmv ) .

vn \/[13‘71

11
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Let
Y= ZnS*% exp(4my/nv — mn/3).

n>0
Observe
L 1 = 1 Aty/v
= Z n®"2 exp(dmy/nv — mn/3) + Z n®" 2 exp <—n <7r 3— >>
n=1 n:(&] \/ﬁ
3
L) 1 s 1 Amy\/v
< Z n®"2 exp(4my/nv — mnV/3) + Z n®"2exp | —n | 7V3— .
16v
n=1 n=[152] ikl
Let
145%) )
= Z n®"2 exp(4my/nv — mn/3).
n=1
and

4m\/v
n® -3 exp| —n|7v3—
n—%ﬂ ( ( [121/1 ) )

lfii’/
Yo < / P exp(4my/zv — mn/3)dx

1

First note that

Then let
3 4V .
B

Note that g(v) > 0, so exp(—g(v)z) < exp(—z) for all z € [[15£],00). Thus

g(v) ==

Y3 < /16 2573 exp(—g(v)x)dx

S/ x® 2exp( x)dx
(4541

-t (42

Thus from (37),

< 2711/5—502(5,1/)]1(51)% }am(s - %)’ (F <s + %, FSI/-D + /ILH;VJ 2572 exp(4my/zv — ﬂn\/g)dx) )



In summary, by combining our bounds for Fi(s,v,d), E3(s,v,d), and E4(s,v,d) we get that

|E(s,v,d)| <[Er(s, v, d)| + |E3(s, v, d)| + | Ea(s, v, d)] (38)

4509, 1 (V)
<@ DT()cs) @

[s]
s—1 1
+ 2m° 72 C (s, v) g |am (s — %)‘ r <s + 2> h(d)

m=0

+ 2755 Co )i\ s— b (r(s+ 1|1
TV 2(S, v am(s — 3 S 2| 3

m=0

145
+ / P gsh exp(4my/xv — 7rm/§)da:> h(d)
1
:< 4509, 1 (V)

(25— DT (5)¢(25)

2N+1 0
’ <(32m)1/20(1/2> > lar(2s = D) + (@) Y rr(123 G %))
k=0 k=0

[s]
<3 Jam(s - H|T (s n ;) 2
m=0

[2s—1] [2s—2]
+ ((327r,,)1/20(1/2) ( D am(2s = D[+ > fam(2s — 1| + |apae_7(2s — 1)| /e ([25] = 3)
m=0 m=0
o [s]
7"2’/57% ! 2 (25— 1 an (s — % s 1 167’/
) ;04’f/<;!|1“(23+k)|€ (2 2>>m20\ m( 2)‘(F< "‘2:[ 3 -D

145
—l—/ D3 exp(4my/xzv — Wn\/g)d:c> 2771/3_%> h(d)
1

13



Thus if we let
4300, 1 (V)

Clsv) = G T ()¢ (2s) (39)
2N+1 ) fo%) 1
' ((32m)1/20(1/2) D law(2s = 1)) + (4r)* 72 Yy ID(2s + /lc)lC2 (2~ 9)
k=0 k=0 ’

[s]
X Z lam(s = 3)|T <s + ;) 25
m=0
[2s—1] [25s—2]
+ | B2m)2C(1/2) | D lam(2s — 1) + Z |am(2s — 1)| + |agas_17(25 — 1)| y/e ([2s] — 1

m=0

[e.9]

2,3 L e, iy 1160
+(47%v) 2kz::04kk!|F(28+k)C (2s )Z‘am < (s—i—T[ 3
e N !
+/ 2°72 exp(4my/xv — mnV/3)dx | 2mv5 T2
1

then
Try(F. Z 2T Im TQ))%I (27rVIm(TQ))e(—1/Re(TQ)) + E(s,v,d) (40)
QES,
where E(s,v,d) satisfies the bound
|E(s,v,d)| < C(s,v)h(d),

as stated in Theorem 1.

We now prove our upper bound for Trd( »(2)). All that remains is to bound the term
1
2

Yy= Z 2T Im (19))21,_ (QWVIm(TQ))e(—VRe(TQ)).

Q€S
First,
PHESY ‘2771/ 5 (Im(7q))2 1, (zmm(TQ))e(—yRe(TQ))‘ (41)
QESy
= 2mT2 Z (Im(TQ))% IS_%(QTFZ/IID(TQ))‘

Q€ESq

To bound ¥4, we first bound I, _1(z) for any real number z > 1. From [5, equation A.4] we get the
2

identity
i i i i s—%
I 3(2) = FoK,_ 3 (™) £ 203K (2) (42)
and the asymptotic formulas
M-1 1
+7i (T \(1/2) z m dm (S — 5) (K) ™ 1
K, i (s57) = ki (%) e Z{)(—l) L2 Ry (27 s — ) (43)

and



where M := [s]. From (42) we can write
1 1 9
(o1 (2)] = — K1 (ze7™)| + — K1 (ze™)[ + *!Ks_%(z)\-

Now [5, equation 1.26] from Neme’s Theorem 1.5 provides that for |argw| < 3T we get that

R )] < S s A 207 )
giving us that :
R (205 = 3)| < g (s - 2)|5up [Ara (227)
and
(R (25— 3| < Jaga (s - 3)sup | 2267r)]

And then [5, Proposition B.1] tells us that

| A (22r)| <1, (46)
and
[Ar(22e*7r)] < y/fe (5] +3). (47)
Thus from (46) and the fact that z > 1, we get that
R (5= 3)] < Jaga (s - 3)] (48)
and similarly, using (47)
R (26,5 = 3)| < [aa (s = 5)| /e (751 + ). (49)
Also observe that as z > 1
[s]—1 a, (S %) [s]—1

and

m=0

Using equation (44) and inequalities (48) and (50), we see that

(1/2) s171
K, <>r<\(22)/ - (Z}amSHam( 1))

(52)
S(3)" e o

And from equation (43) and inequalities (49) and (51), that

[s]-1
Ky (e ><(22)“““<Zam<s>+a[s1 Dlye s+ ) (53)

w\r—‘

m=0
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And similarly using (43), (45), and (47) we get that

[s]-1

»
|
N[

m=0

Thus we have that

2z =
[s]—1
2 mN\1/2)

S;(g) € (mZO |am (s = 3)[ + Jags (s
2 sy )
;(§> e Jam (s = 3)]

m=0
9\ (1/2) [s]-1
<(2)"7 [ X fanle - Dl o

Inserting 55 into 77, we get

|E4| Sﬂ_ys—l Z e27’l’VII‘I1(TQ)

[s]—1
Z ‘am (S
m=0

QESy
Now, since
V1d|
1 =
m(7Q) = 0
we have
d
Im(rg) < —’
2
Thus

T2
e™l<(5z) € (Z jam (s = 2)[ + lars (5

—3)|+lara (s—3

Dye(lsT+3) ) (54)

(55)



Putting this together with 7?7 and 77, we get that
Tra(Fs (2))] < [34] + [E(s, v, d)]
[s]

[s]—1
<m T Y fam (5= 3) [+ Japa (s = 3) [ /e ([s] + Z\am s—3)| | h(d)e™
m=0

+ C(s, v)h(d)
[s]

[s]—1
< | mot Z lam (s = 5)| +|afs) (s — 5)[ /e ([s] +3) Z|am s—3)| | +C(s,v)
m=0

x h(d)em™ VI
So if we let
[s]—1 [s]
C'(s,v) =t Z lam (s = 5)| + |afs (s | \/T Z lam (s = 3)| | +C(s,v)

(56)

then we get

| Tra(Fyu(2))] < C'(s,v)h(d)e™ V1
as stated in Theorem 1. O
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