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@ Introduce Identifiability
@ Process to Determine Identifiability
e Effects of Removing/Adding a Leak



Background

Definition

Identifiability seeks to determine which unknown parameters of a
model can be recovered from the given input-output data.

A model is unidentifiable if some parameters cannot be
determined given the input-output data.
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Process

The Compartmental Matrix:

—ko1 0 0 kia
A— ko1 —ko2 — k32 0 0 =
0 k32 —ka3 0 5
0 0 kaz  —kos — kia

Proposition (Meshkat, Sullivant, Eisenberg 2015)

det(0l — A)ys = det((9l — A)13)u1

(4) (3) (2) (1) () (1)
v3 F(c)ys” +(c2)ys” +(c3)ys ' +(ca)ys = ug~ +(cs)uy +(co)u
c1 = ko2 + koa + kia + ko1 + k32 + ka3 ¢y = ko1kaz(kookoa + ko2kia + koaks2)
¢ = ko2koa + kookia + kopko1 + - - - o5 = ko1k32
c3 = ko2koa ko1 +kookiako1 + ko2 koakaz +- - - ¢ = ko1k3o(koa + ki)

Define the map R® — RS as:
(ko1, koa, kia, ko1, k32, ka3) = (c1, @2, 3, Ca, Cs, Cp)



Process

1 1 1
a
= ko2 + koa + kia + k32 + ka3 koo + ko1 + k32 + ka3 koa + kia + ko1 + ka3
Ca | kookoaka3 + ko2 k1akaz + koakso ka3 koo ko1 ka3 koa ko1 ka3 + kiako1 ka3
C5 32 0 0
% k32(kos + kia) ka1k32 0
ko1 kia ko2

Proposition (Meshkat, Sullivant, Eisenberg 2015)

Identifiable <= Jacobian matrix of coefficient map has full rank

The Jacobian matrix has full rank if the determinant is a
non-zero polynomial.

In the previous example :
det(J) = —k3, * k3 * kas * (ko1 — ka3) * (koo — ko1 + ks2) * (koo + ka2 — ka3)

Yes - this model is identifiable.



Research Question: Effects of Model Operations

Removing a Leak

If a model is identifiable and a leak is removed - is the resulting
model identifiable?

Adding a Leak

If a model is unidentifiable and a leak is added - is the resulting
model unidentifiable?




Preliminary Results

Lemma
Let M be a linear compartment model with Leak = () and
coefficients ¢;. Let M be the linear compartment model formed by
adding a single leak koy to M. The coefficients of the model with
the leak & have the form:

¢i=c¢+ kog(X)

where x is some combination of k;;'s.




Preliminary Results
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| Recall: det(9/ — A)ys = det((9] — A)s)|

(O — A) = 01 — A) =
<+ ko —k12 0 o ke —kiz2 0
k1 Gt kotkn ks —ko1 St koo + kit ks —kes

0 _k32 % + k23 0 —k32 % + k23



Preliminary Results

(==

| Recall: det(9/ — A)ys = det((9] — A)s)|

(O — A) = 01 — A) =
<+ ko —k12 0 o ke —kiz2 0
k1 Gt kotkn ks —ko1 St koo + kit ks —kes
0 —ks32 &+ ko 0 —ks32 94+ ko3
det(dl — A) = det(9] — A)

0j=

c,-|k0j=0 = ¢ for all i

Gi=c¢+ koj(x)



Preliminary Results

Let M be a linear compartment model with Leak = (). If M has r
coefficients in the input-output equation, then the model M
obtained by adding a single leak koy to compartment-£ has exactly

r + 1 coefficients.




Preliminary Results

Let M be a linear compartment model with Leak = (). If M has r
coefficients in the input-output equation, then the model M
obtained by adding a single leak koy to compartment-£ has exactly

r + 1 coefficients.

(01 — A) = (01 = A) =
4+ kn —ki2 0 2+ ko —ki2 0
—ko1 S+ kot kp ks —ko1 St kot kit kn o —kes
0 —k3p % + ko3 0 —k3p % + ko3

det(A) =0 det(A) # 0



Preliminary Results

Let M be a linear compartment model with Leak = (). If M has r
coefficients in the input-output equation, then the model M
obtained by adding a single leak koy to compartment-£ has exactly

r + 1 coefficients.

(01 — A) = (01 = A) =
d 1 L a d 1 L h
dt T N1 nR12 g dr T R21 KD e
—ko1 S+ kit kpn ks —ko1 St kot kit kn ks
0 —ks32 & 4 ko3 0 —ks32 &+ ko

det(A) =0 det(A) # 0



Adding a Leak

Theorem (Adding a Single Leak)

If model M is unidentifiable because there are more parameters
than coefficients - then the model M formed by adding a leak
(at any compartment) will be unidentifiable.

== =)

Figure Catenary model, input = 1, output = 3, no leaks. Figure Catenary model, input = 1, output = 3, leak = 2.

3 2 1 3 ~ 2 ~ 1 ~
Y 4 ()2 + (6! = (cu)un v+ ()8 + (@) +(&)ys = (cu)un

¢y = k12 + ko1 + ko3 + k32 &y = + k12 + ko1 + ko3 + k32
Sy, = kiokoz + karkoz + ko1ksp &, = + kyokps + ko1 koz + kop k3o
cu; = korksz &y =

cuy = ko1ksz

3 x 4 Jacobian matrix 4 x 5 Jacobian matrix



Removing a Leak

Theorem (Removing a Single Leak (pending))

Let M be a strongly connected linear compartment model with
|In| = |Out| = |Leak| = 1. If M is locally identifiable, then so is
the model M obtained by removing the leak.

k21
@
k12 351 y1 03

&, = ¢y, + koz(ki2 + ka1 + k32)
&y, = koz(ko1ks2)

ks | | ka2
Eul = Cuyy + k03(0)
&y, = Cup + koz(—k21)

ko3



Removing a Leak

Theorem (Removing a Single Leak (pending))

Let M be a strongly connected linear compartment model with
|In| = |Out| = |Leak| = 1. If M is locally identifiable, then so is
the model M obtained by removing the leak.

ko1
%
— &, = G, + oy
12 &y = ¢y, + kos(kiz + ko1 + ks2)
&y; = koz(ko1ks2)
kas | | ka2

Eul = Cu1 + k03(0)
&y, = Cup + koz(—k21)

ko3



Removing a Leak

o Goal: Show that det(J;) # 0 = det(Jr) # 0

CYl
; Ocy;
="
M =
Cuy
. Jcuy;
Cup,
- k-
1
J ka3 :rlk32
—ko3
+ ko3 + ko3
I = Koz k3o 0

— ko3

CYl [
+ koz(- - )
— Sy,
Iy =ri| CotherDorkal—J 1P
M
Cuy
+ koz(- - )
Cup, |
.. kij . k03
1 1
koz ko1 ko + ko1
0 0 0
0 0 —ko1
1
+ ko3 ki + ko1 + k32
ko k21 0 ka1 k32
0
—ko1



Removing a Leak

o Goal: Show that det(J;) # 0 = det(Jr) # 0

Cn 5 Cyy [
. Cy: .
Yi
: . + koa(- - -
: ki : 03(- - )
C}/r — ny Cy,i1 = k03(a)
JM — JM :Cyr+1 either 0 or kp3(- - -)
CU1 Cul
. 8cu,. . o)
: Ik; : 03
Cup, Cup, L
ki - ki ko
1 1 1
koz + k3o koz ko1 ko + ko1
Im= T 0 0 0
—ko3 0 0 —ko1
1
+ ko3 + ko3 + ko3 kip + ko1 + k32
Jig = | [kozksz 0 koz ko1 0 ko1ks | cy3 = koz(ko1ks2)
0
— ko3 —ko1



Removing a Leak

o Goal: Show that det(J;) # 0 = det(Jr) # 0

CYl 8 Cy1 =
. Cy- ’
Yi
: + kos(- - -
: Okij : 03(- - )
Sy, — Cy, Cypyr = koz(a)
JM - JM —Cy, 1| CetherOor kel -]
Cuy Cuy
| ok ' + koa(- )
) Oki; : 03
Cup, Cu,, i
ki ki kos
1 1 1
ks + k2 ko3 ko1 ki ket
=B 2 ko :
—k23 0 0 — ko1
1
+ ko3 + ko3 + ko3 ki + ko1 + ko
Jig = | [Chosksz 0 ko ko1 0 kKaks | | cy3 = kos(kaiksz)
0
— ko3 e



Removing a Leak

o Goal: Show that det(J;) # 0 = det(Jr) # 0

CY1 P CY1 M

. Cy- .

Yi

. . + kos(- - -

: Ik, : 03(- )
Sy, — Sy, ¢yir = koz(x)

JM = JM —Cy, 1| [either Oor kgal-— -7 1

CU1 Cul

: o : + o)

: ok; : 03
Cu,, Cu,, i

ki ki ko3
1 1 1 1
_ |kzat+ k2 ko3 ko1 k2 + kot
Im= T 0o 0 0
— ko3 0 0 —ko1
1
k12 + ko1 + k32
I = Kozksz 0 0 Kozka 0 0 ko1 k3o
0

—ko1



Removing a Leak

o Goal: Show that det(J;) # 0 = det(Jr) # 0

CY1 P CY1 M

. Cy. .

Yi

: + kos(- - -

: Ik, : 03(- - )
Sy, — Sy, ¢yir = koz(x)

JM = JM —Cy, 1| [either Oor kgal-— -7 1

Cuy 8 Cuy

. Cu; . take det(J )

. i P M

: 6kij +hos(- ) by expanding
Cle Cle along this row

ki ko kos
1 1 1 1
koz + k3o koz ko1 ko + ko1
Im= T 0o 0 0
— ko3 0 0 —ko1
1
kia + ko1 + k32
g = Kozksz 0 0 Kozkal O 0 ka1 k32
0

—ko1



Removing a Leak

Show det(J5;) # 0 = det(Jy) # 0.

C?/l Ocy,
Iy = e

CT Icy;

CL.lm 6 k, ij

M
o ko)
| eltherOorkgé ) a
,7 + koz(- - )
kU k03

Cy,\y = ko3(x)
0



Removing a Leak

Show det(J5;) # 0 = det(Jy) # 0. l

C)’l 5 CJ/1 M

: ok Sl ksl

: Sl & = kos(x)
o e r v, = KO3
= Iy =) TR | 7 0

CU1 Cu1

. 3Cu,- ‘ u -

) Oki; : ok, 03
Cum Cum

e k’] ...... kU - k03

Know: det(JM)]km:O =04+0+---+0+a-(det( M| kp=0))
= a- (det(Jnm))



Removing a Leak

Show det(J5;) # 0 = det(Jy) # 0. l

C)’l

Ocy,

M
o ko)
| eltherOorkgé ) a
,7 + koz(- - )
kU k03

Cy,\y = ko3(x)
0

Know: det(JM)]km:O =04+0+---+0+a-(det( M| kp=0))

Key: ko3 'i' det(JM)

= a- (det(Jm))



Removing a Leak

Show det(J5;) # 0 = det(Jy) # 0. l

C)’l

Ocy,

M

%Jrkos("‘)

[_either 0 or kgé R )

il kos(- )

a

kg

ko3

Cy,., = kos3(x)
0

Know: det(JM)]km:O =04+0+---+0+a-(det( M| kp=0))

= a- (det(Jum))

Key: ko3 fdet(J) Then: det(Jgy)|, o # 0 = det(Juq) # 0
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