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Dedekind Sum

Congruence Subgroups

T'o(q192) = {(i Z) €SIly(Z):c= O(modqlqz)}

I'(q192) = {(i Z) € SLy(Z) : c = 0(modq192),a =d = 1(modq1q2)}

Let x1, x2 be non-trivial primitive Dirichlet characters modulo g; and g3,

respectively, such that q1,42 > 1 and x1x2(-1) = —1. The generalized
Dedekind sum is

Sune0) =Sue@o= Y, Y ()T B1( )B1(q—l+ﬂ)

j (mod c)n (mod ¢1) ¢
where y € I'o(7142).
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Known points in Kernel: (1, N)

Proposition

SX1,X2(1/ C'thqz) =0forall ¢ €Z.
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Known points in Kernel: (1, N)

Svua(1,c'q1g2) = 0 for all ¢’ € Z.

1 0 , (1 = ,
Fory = (C’qlrp 1), lety” = (0 1 ) Then if x1, x» are even, then

Sxi2(V) = Sypin V)

.

Nguyen and Ramirez Dedekind Sums July 20, 2020 3/12



Known points in Kernel: (1, N)

Sx(1,c'q1g2) = 0 for all ¢’ € Z.

v

1 0 , (1 = .
Fory = (C’chqz 1), lety’ = (0 1 ) Then if x1, x» are even, then

S)(l,)(z()/) = S)(z,h (V’)-
If x1, x> are odd, then

T(X1)T1(x>)

(ni)2 )L(l, Xl)L(ll XZ)

SXLXZ(V) = _SX2,X1 (V’) + (1 - I;bO/))(

O

.
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Known points in Kernel: (1, N)

Proposition

Sx(1,¢'q1q2) = 0 for all ¢’ € Z.

1 0 , (1 = .
Fory = (C’chqz 1), lety’ = (0 1 ) Then if x1, x» are even, then

SXLXZ(V) = S)(wﬁ (V’)-
If x1, x> are odd, then

0
O

Srae®) = =S () + (1= ) (LN FA I, 1).
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Known points in Kernel: (1, N)

Proposition

Sy, c'q192) = 0forall ¢’ € Z.
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Figure: xy1 mod 5 & x3 mod 11



Known points in Kernel: (1, N)

Proposition

Sy, c'q192) = 0forall ¢’ € Z.
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Figure: xy1 mod 5 & x3 mod 11



Results

Known points in Kernel: (c —a,c)

Proposition
For every (a,c) in the kernel, (c —a, c) is also in the kernel.

C
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Figure: xy1 mod 5 & x3 mod 11



Results

Known points in Kernel: (c —a,c)

Proposition
For every (a,c) in the kernel, (c —a, c) is also in the kernel.
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Figure: xy1 mod 5 & x3 mod 11



Commutator Subgroup

Definition:

The commutator subgroup C of group G is the subgroup generated by
{ghg™'h~' : V¢, h € G} and is denoted [G : G].
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Commutator Subgroup

Definition:
The commutator subgroup C of group G is the subgroup generated by
{ghg™'h~' : V¢, h € G} and is denoted [G : G].

o [I'(N) : T1(N)] S ker(Sy, x,)
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Commutator Subgroup

Definition:
The commutator subgroup C of group G is the subgroup generated by
{ghg™'h~' : V¢, h € G} and is denoted [G : G].

@ [['1(N) : T1(N)] & ker(Sy, x,)
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Commutator Subgroup

The commutator subgroup C of group G is the subgroup generated by
{ghg™'h™' : ¥¢,h € G} and is denoted [G : G].

v

o [I(N) : T1(N)] < ker(Syy,1,)
@ [[1(N): T1(N)] € I'1(N?) for 2x2 matrices.

N,
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Commutator Subgroup

The commutator subgroup C of group G is the subgroup generated by
{ghg™'h™! : ¥¢,h € G} and is denoted [G : G].

v

o [I(N) : T1(N)] < ker(Syy,1,)
@ [[1(N) : T1(N)] € T1(IN?) for 2x2 matrices.
Ex: Consider I'1(3 x7) =T1(21) :
— [[(21) : Ty(21)] C T (441)

A\,
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Commutator Subgroup

@ [I1(N) : I1(N)] & ker(Sy,,1,)
@ [[1(N): T1(N)] € I'1(N?) for 2x2 matrices.

Ex: Consider I'1(3 x7) =T1(21) :
= [I'1(21) : T1(21)] € T'1(441)
Recall that (1,¢) and (c — 1, ¢) are always in the kernel.
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Commutator Subgroup

@ [I1(N) : I1(N)] & ker(Sy,,1,)
@ [[1(N): T1(N)] € I'1(N?) for 2x2 matrices.

Ex: Consider I'1(3 x7) =T1(21) :
= [I'1(21) : T1(21)] € T'1(441)
Recall that (1,¢) and (c — 1, ¢) are always in the kernel.
{(1,21),(20,21),...,(1,¢),(c—1,¢) : ¢ £ 0 mod 441} ¢ T'1(441)
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Identical Kernels

Kernel for y1 mod 3 & y3 mod 11 and y; mod 3 & y7 mod 11.

C
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Identical Kernels

Kernel for y1 mod 3 & y3 mod 11 and y; mod 3 & y7 mod 11.

C

160
140 1
120
100
80

60

404

...and also y1 mod 3 & y9 mod 11 and y; mod 3 & x7; mod 11.
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Identical Kernels

For x mod g,

X:(Z/9Z) — C".
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Identical Kernels

For x mod g,

X:(Z/9Z) — C".
Ex: Image of y; mod 5 is {0} U {4th roots of unity}
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Identical Kernels

Given gq1,92 > 1, let

oni 2mi
F=Q (g‘?’(fh), e ?@) ) .
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Identical Kernels

Given gq1,92 > 1, let
F=Q (e‘?’(fh), e ?@) ) .

Gal(F/Q) = {set of automorphisms of F that fixes Q}.
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Identical Kernels

Given g1,q92 > 1, let
2mi 271i
F=Q (emem)

Gal(F/Q) = {set of automorphisms of F that fixes Q}.
Let 0 € Gal(F/Q), then

o(Snem)= Y, Y., ot a(xl(n»a(Bl(] JBi(+ ”]))

C
j (mod ¢) n (mod ¢1)
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Identical Kernels

Given q1,42 > 1, let
F = Q(e¢(ﬂ1),e(f7(q2))_

Gal(F/Q) = {set of automorphisms of F that fixes Q}.
Let 0 € Gal(F/Q), then

0(5;(1,2(2(?/)) = Z Z ao(x2(j)) o(x1(n)) O(Bl(]) Bl(q_l N %))

j (mod c)n (mod q1)

- Y Y omoyetaon sl m( Y

j (mod ¢)n (mod ¢1)
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Identical Kernels

Given q1,92 > 1, let
F = Q(e‘?(th) eqbz(g; )

Gal(F/Q) = {set of automorphisms of F that fixes Q}.
Let 0 € Gal(F/Q), then

0(Snu)= Y, Y. o) a(ﬁ(n))a(Bl(ﬁ) Bl(q_f?))

j (mod c)n (mod g1)

c

- Y Y e@moyetaon sl m( )

j (mod c)n (mod q1)
= Sxf,xg ).
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Results

Identical Kernels

Some Notation

Given g1,g92 > 1, let
27 27
F=Q (e¢'<q1‘>,e_¢(?§>),

Let S = Ded(q1,92) = {Sy,,x, : X1, X2 primitive and xix2(-1) = 1}.
Denote G = Gal(F/Q).
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Identical Kernels

Some Notation
Given g1,g92 > 1, let

oni 2mi
F=0Q (64’(111), e $@2) ) X

Let S = Ded(q1,92) = {Sy,,x, : X1, X2 primitive and xix2(-1) = 1}.
Denote G = Gal(F/Q).

If G acts on S, S breaks up into orbits:
For eachs € S,
G-s=1{g-s|geGl
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Identical Kernels

*Remember that o(Sy,,x,) = Sy xg-
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Identical Kernels

*Remember that o(Sy,,x,) = Sy xg-

Proposition
Let 0 € Gal(F/Q). If

X1, X2 = Xar Xg

then Sy, x, and S, v, are in the same orbit and subsequently have the
same kernel.
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Identical Kernels

*Remember that o(Sy,,x,) = Sy xg-

Proposition

Let 0 € Gal(F/Q). If
X1, X2 = Xar Xg

then Sy, x, and S, v, are in the same orbit and subsequently have the
same kernel.

For k € Z such that k is coprime to ¢(q1)¢(qz2), the map C — (¥ is an
automorphism of F.
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Identical Kernels

*Remember that o(Sy,,x,) = Sy xg-

Proposition

Let 0 € Gal(F/Q). If
X1, X2 = Xar Xg

then Sy, x, and S, v, are in the same orbit and subsequently have the
same kernel.

For k € Z such that k is coprime to ¢(q1)¢(qz2), the map C — (¥ is an
automorphism of F.

Consider the earlier example with mod 3 and mod 11:
@ x1(2) =-1 and x1(2) = Cyo.
® x1(2)=-1 and x3(2) =C,
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End
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End

Thank You!
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Nguyen and Ramirez Dedekind Sums July 20, 2020 12/12



	Results
	End
	References

