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What Is The Dedekind Sum?

Consider the map Sy, 1, : To(q192) — C, by:

San= Y, ) Wf)ﬁ(”)Bl(%)Bl(:_fa?j)

j (mod ¢) n (mod ¢q1)

Other Areas:

@ Combinatorial Geometry
© Algebraic Number Theory
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Background Dirichlet Characters

Dirichlet Characters

A Dirichlet character modulo g is a function x : Z — C with the
following properties:
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Background Dirichlet Characters

Dirichlet Characters

A Dirichlet character modulo g is a function x : Z — C with the
following properties:

Q x(n+1lg) = x(n), ¥n,l € Z (periodic, period g)

Q x(mn) = x(m)x(n)

Q x(n)=0if ged(n,q) > 1 and x(n) # 0 if ged(n,q) = 1
Q x(1H)=1

The Legendre symbol: (g) =ar (mod ¢)
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Background Dirichlet Characters

Dirichlet Characters: Example

Take the Legendre symbol: () = 2’7 (mod ) for an odd prime 4.

Dirichlet Character Properties
Q x(n+lg)=xn),¥n,leZ
Q x(mn) = x(m)x(n)
Q x(n)=0if ged(n,q) > 1 and x(n) # 0 if ged(n,q) = 1
Q x()=1

Nguyen and Ramirez Dedekind Sums July 20, 2020 5/17



Background Dirichlet Characters

Dirichlet Characters: Example

Take the Legendre symbol: () = 2’7 (mod ) for an odd prime 4.

Dirichlet Character Properties
Q x(n+lg)=xn),¥n,leZ
Q x(mn) = x(m)x(n)
Q x(n)=0if ged(n,q) > 1 and x(n) # 0 if ged(n,q) = 1
Q x()=1

9-1

o (n+lq) (n+lq) =n7 = (g) (mod gq)
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@ (M) =(+lg'T =nT =(%) ( Od‘”
(=) (%)z(mn)'%z( qT)( 1)5 (modq)

Nguyen and Ramirez Dedekind Sums July 20, 2020 5/17



Background Dirichlet Characters

Dirichlet Characters: Example

Take the Legendre symbol: () = 2’7 (mod ) for an odd prime 4.

Dirichlet Character Properties
Q x(n+lg)=xn),¥n,leZ
Q x(mn) = x(m)x(n)
Q x(n)=0if ged(n,q) > 1 and x(n) # 0 if ged(n,q) = 1
Q x()=1

° (%) = () = (m%)(n%) = (#)(3) tmod )
o (g) =0 (mod g) iffn =0 (mod q)
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Background Dirichlet Characters

Dirichlet Characters: Example

Take the Legendre symbol: () = 2’7 (mod ) for an odd prime 4.

Dirichlet Character Properties

Q x(n+lg)=xn),¥n,leZ

Q x(mn) = x(m)x(n)

Q x(n)=0if ged(n,q) > 1 and x(n) # 0 if ged(n,q) = 1
Q x(1)=1

° (%) = (m)'7 = (m?)(n%) = (#)(2) (mod g
o (%)E (mod g) iff n =0 (mod q)
Qo (%) =17 =1 (mod gq)
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Background Dirichlet Characters

Primitive Characters

The trivial character x, (mod q) is defined as

)1 ged(n,q)=1
XO(H)_{O otherwise

A character y (mod gl) is primitive if it cannot be written as
X = X"Xo

for some x* (mod I).

Nguyen and Ramirez Dedekind Sums July 20, 2020

6/17



Dedekind Sum Classical Dedekind Sum

Classical Dedekind Sum

Bernoulli Function

- -1
Bl<x>:{g b= e
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Dedekind Sum Classical Dedekind Sum

Classical Dedekind Sums

Let 2 and c be co-prime integers with ¢ > 0. Then we define the
classical dedekind sum as

wa= %, sll)s(2)

j (mod c)

where Bj is the Bernoulli function.

v

Reciprocity Law:

s(a,c) +s(c,a) = lz(ﬂ+ul—c+§)—%

A,
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Dedekind Sum Generalized Dedekind Sums

Generalized Dedekind Sums

SLy(Z),To(N),I'1(N), & I'(N):

SIo(Z) = {(‘Cz Z) ca,b,c,d € Z, and det = 1}

To(N) = {(“ Z) € SLy(Z):c =0 (mod N)}
{( Z) €SLy(Z):a=d=1 mod N, andc =0 (mod N)}

T(N) = {(“ Z) €SIy(Z):a=d=1 mod N, andb=c=0 (mod N)}

T(N) c Ty(N) c To(N) € SLy(Z)
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Generalized Dedekind Sums

I'o(g9192) = {(i Z) €SIy(Z):c= O(modqlqz)}

Let x1, x2 be non-trivial primitive Dirichlet characters modulo g; and g3,
respectively, such that g1, 9> > 1. The generalized Dedekind sum is

Sm<y>=sm((‘§ Z))= oy E(j)ﬁ(n)Bl(g)Bl(q”—lﬂ—j)

C
j (mod ¢) n (mod ¢1)

where y € I'o(7142).

Nguyen and Ramirez Dedekind Sums July 20, 2020 10/17



Generalized Dedekind Sums

I'o(g9192) = {(i Z) €SIy(Z):c= O(modqlqz)}

Let x1, x2 be non-trivial primitive Dirichlet characters modulo g; and g3,
respectively, such that g1, 9> > 1. The generalized Dedekind sum is

Sm,m<y>=5m,m((‘§ Z))= oy E(j)ﬁ(n)Bl(g)Bl(q”—lﬂ—j)

C
j (mod ¢) n (mod ¢1)

where y € I'o(7142).

a b
Sxix2 ((C d)) = Sx1,(a,0).
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Dedekind Sum Generalized Dedekind Sums

Generalized Dedekind Sums

Reciprocity Formula: Theorem (Stucker-Vennos-Young, 2018)
d =€
—bg1q2 a

For VA ro(qlqz), let )/’ = ( ) € Fo(qlqz). Then if X1, X2 are

even, then
SxixV) = Sxam (7/)'

If x1, x> are odd, then

S = ~Spans () + (L= 9() (%) 1, 2B o).
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Dedekind Sum Generalized Dedekind Sums

Generalized Dedekind Sums

Reciprocity Formula: Theorem (Stucker-Vennos-Young, 2018)

—C

d .
_bqlqz a ) € ro(qllh). Then if X1, X2 are

Fory € T'o(q192), let y" = (

even, then
wacz(?/) = SXZ,Xl (7/)

If x1, x> are odd, then

S = ~Spans () + (L= 9() (%) 1, 2B o).

Reciprocity Law:

IS
L
+

Q10
N—
|
N

s(a,c) + s(c,a) = 11—2 (C -
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Dedekind Sum Generalized Dedekind Sums

Motivation

Lemma (Stucker-Vennos-Young, 2018)
Let y1,72 € To(q142). Then

SXLXZ(VH/Z) = SX1,X2(7/1) + lp(Vl)S)(lr)(z(yz)'
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Dedekind Sum Generalized Dedekind Sums

Motivation

Lemma (Stucker-Vennos-Young, 2018)
Let y1,72 € To(q142). Then

SX1,X2(V1V2) = SX1,X2(7/1) + lp(Vl)S)(lr)(z(yZ)'

Homomorphism:
For y € T'1(9192), we get (y) = 1. Therefore,

S)(l,)(z(ylyz) = SXLXZ(Vl) + SXerZ(yZ)'

Research Question

What is the kernel of the S, ,,, i.e, for what y € T'9(q1492) IS Sy, 1, (y) = 0?
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Dedekind Sum Generalized Dedekind Sums

Motivation

The First Isomorphism Theorem
If ¢ : G — H is a homormorphism of groups, then G/ker(¢) = im(p)
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Dedekind Sum Generalized Dedekind Sums

Motivation

The First Isomorphism Theorem
If ¢ : G — H is a homormorphism of groups, then G/ker(¢) = im(p)

If Sy,.x, : T1(9192) — C is a homomorphism of groups, then

T'1(9192) /ker(Sy,0) = Sy, (T1(9142))
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Previous Work

Theorem (Dillon-Gaston, 2019)

Let x1 and x, be nontrivial primitive characters modulo g; and g2,
respectively, such that x1x2(—1) = 1. Then for each positive ¢ = 0

mod g142, there exists an integer a coprime to c such that Sy, ,,(a,c) is
nonzero.
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Commutator Subgroup

The commutator subgroup C of group G is the subgroup generated by
{ghg™th~': Vg, h e G}.

v

Let C; denote the commutator subgroup of I'1(7142) and y € I'1(4142).
Since Sy, v, : T'1(g192) — C is a group homomorphism, and (C, +) is
abelian, then

C1 Cker(Sy,,x,T'1(9192)))

\
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