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Overview

1 Background
Representation Theory, Markov Processes, Push-Block Model

2 Introduction of Problem
Our Problem, the Correlation Kernel, Parameters

3 Work Completed
Work of Cerenzia ’18 / Zhou ’21, Equations 33, 34 (Cerenzia),
Lemma 2.2 (Kuan), Proof of Lemma 2.2, Convolution

4 Next Steps
Proposition 4.2, Combining Lemma 2.2 and Equation 33, Explicit
Formula for K
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Background

Symplectic Group

Sp2n =

[
A B
C D

]
(1)

Lie Algebra
Irreducible Representation
A = −DT,B = BT,C = CT

Parametrized by {(λ1, ..., λn) : λ1 ≥ ... ≥ λn ≥ 0}
▶ Where λ = (λ1, ..., λn) are mapped onto x = (x1, ..., xn) where

x1 > ... > xn ≥ 0 and xi = λi + n − i
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Review of Markov Processes

Markov Chain and Process
-The defining characteristic of a Markov chain is that no matter how the
process arrived at its present state, the possible future states are fixed.
-The continuous time version of a Markov Chain is a Markov Process.
-A Markov Process at a fixed time is called Determinantal

Transition Matrices
P(t), t ≥ 0. The entries are the probabilities, px,y(t), to transition from
one state (x) to another (y) where px,y(t) = P(Xt+1 = y|Xt = x)
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Push-Block Model [Cerenzia ’18]

Barriers and State Space
Z≥0 × Z+ integers
X(K+1)

i+1 < X(K)
i ≤ X(K+1)

i for odd values of K
X(K+1)

i+1 ≤ X(K)
i < X(K+1)

i for even values of K
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Introduction of Problem

Our Correlation Kernel Equation
K(t)((s1, n1), (s2, n2)) =

1(n1≥n2)·
2an1+1/2

π

´ 1
−1 Js1,an1

(x)Js2,an2
(x)· (1 − x)rn1−rn1+an1 (1 + x)1/2dx

+2an1+1/2

π

´ 1
−1
¸ et(x−1)

et(x−1) Js1,an1
(x)Js2,an2

(u)· (1−x)rn1+an1 (1+x)1/2

(1−u)rn2 (x−u) dudx

Our Problem: Write K(· , · ) for (xi, ni, ti) where
1 ≤ i ≤ K, t1 ≤ ... ≤ tk, n1 ≥ ... ≥ nk
Parameters

▶ (si, ni) ∈ Z≥0 × Z+

▶ an = 1/2 if n is even
an = −1/2 if n is odd

▶ rn =
⌊

n+1
2

⌋
, represents the number of particles on the nth level

▶ Js,±1/2(x) represents a Jacobi polynomial
▶
´ 1
−1 Js1,±1/2(x)Js2,±1/2(x)(1 − x)±1/2(1 + x)1/2dx
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Cerenzia ’18 and Zhou ’21

Definition 1.1 (Cerenzia)
τn,a

t2n−1/2+a
j ,t2n−1/2+a

i
= τn,a

t2n−1/2+a
i ,t2n−1/2+a

i−1
∗ ... ∗ τn,a

t2n−1/2+a
j ,t2n−1/2+a

j−1

Definition 1.2(Cerenzia)

ϕ
t
b2n1−1/2+a1
1

,t
b2n2−1/2+a2
2 =

τn2,a2

t2n2+a2+1/2
c(2n2+a2+1/2),t

2n2
b2

∗ ϕn2,a2y ∗ τ y
ty
c(y),t0

∗ ... ∗ ϕm
n1,a1 ∗ τ

n1,a1

t2n1+a1+1/2
b1

,tn1,a1
0
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Cerenzia ’18 and Zhou ’21 (cont.)

Definition 1.3 (Zhou)
const ×

∏N
n=1[det[ϕn,−

n−1,+(x
n,−
ℓ (t2n−1

c(2n−1)), x
n−1,+
K (t2n−2

0 ))]1≤K,ℓ≤n

×
∏c(2n−1)

b=1 det[τn,−
t2n−1
b ,t2n−1

b−1
(xn,−

ℓ (t2n−1
b ), xn,−

K (t2n−1
b−1 ))]1≤K,ℓ≤n

×det[ϕn,+
n,−(x

n,+
ℓ (t2n

c(2n)), x
n,−
K (t2n−1

0 ))]1 ≤ K, ℓ ≤ n
×
∏c(2n)

b=1 det[τn,+
t2n
b ,t2n

b−1
(xn,+

ℓ (t2n
b ), xn,+

K (t2n
b−1))]1≤K,ℓ≤n]

×det[N,a
N−ℓ(x

2N−1/2+a
K (t2N−1/2+a

0 ))]1≤K,ℓ≤N

Particle positions at time t are defined by Xn,a
K
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Cerenzia ’18 and Zhou ’21 (cont.)

Result
const ×

∏N
n=1[det[ϕn1,−

n1−1,+(x
n,−
ℓ (t2n1−1

j ), xn1−1,+
K (t2n1−1

i ))]1≤K,ℓ≤n

×
∏c(2n1−1)

b1=1 det[τn1,−
t2n1−1
b1

,t2n1−1
b1−1

(xn1,−
ℓ (t2n1−1

b1
), xn1,−

K (t2n1−1
b1−1 ))]1≤K,ℓ≤n

×det[ϕn2,+
n2,−(x

n2,+
ℓ (t2n2

j ), xn2,−
K (t2n2−1

i ))]1 ≤ K, ℓ ≤ n
×
∏c(2n2)

b2=1 det[τn2,+

t2n2
b2

,t2n2
b2−1

(xn2,+
ℓ (t2n2

b2
), xn2,+

K (t2n2
b2−1))]1≤K,ℓ≤n]

×det[N,a
N−ℓ(x

2N−1/2+a
K (t2N−1/2+a

i ))]1≤K,ℓ≤N
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Equations 33 and 34

´ 1
−1 Ja,b

k (x)Ja,b
ℓ (x)· (1 − x)a(1 + x)bdx

x = z+z−1
2 for all x ∈ [−1, 1]

Jk,1/2(
z+z−1

2 ) = zk+1−z−(k+1)

z−z−1

Jk,−1/2(
z+z−1

2 ) = zk+(1/2)+z−(k+(1/2))

z1/2+z−1/2

Equation 33
⟨f, g⟩a := 2a+(1/2)

π

´
R f(x)g(x)w(a,1/2)(x)dx

Equation 34
T(x) =

∑∞
k=0⟨Jk,an ,T⟩anJk,an(x)
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Application of Equation 33

τn,−
t2n−1
b ,t2n−1

b−1
τn,+

t2n
b ,t2n

b−1

}
τn,a

t1,t2(x, y) =
⟨

Jx,a, Jy,aφt1−t2
⟩

a

where φt1,t2 → φt(x) = et(x−1)

f = Jx,a and g = Jy,aφt1−t2

⟨f, g⟩a := 2a+(1/2)
π

´
f(x)g(x)w(a,1/2)(x)dx

Result
2a+1/2

π

´
R Jx,a(x)Jy,aφt1−t2(x)w(a,1/2)(x)dx
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Lemma 2.2

Lemma
for a = ±1/2, b = 1/2, −1 ≤ ζ ≤ 1, with Test Function T∈C1[-1,1], then
T(ζ) =

∑∞
k=0
´ 1
−1

Ja,1/2
k (x)Ja,1/2

k (ζ)

ha,1/2
k

T(x)(1 − x)a(1 + x)1/2dx
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Background Needed for Proof of Analog

[11] from Kuan ’11 and Equation 32 and 33 from Cerenzia ’18
a = ±1/2, b = 1/2
h(a,b)k =

πc2
k

W(a,b)(k)

Where W(a,b)(k) =
{

2 if a = b = 1/2
1 if a = −1/2, b = 1/2

(4.1.7) and (4.1.8)from Szegö
P(−1/2,1/2)

n (x) = 1×3×5...(2n−1)
2×4×6...2n

cos((2n+1)(ϕ/2))
cos((ϕ/2))

P(1/2,1/2)
n (x) = 21×3×5...(2n+1)

2×4×6...(2n+2)
sin(ϕ(n+1))

sinϕ
where x = cosϕ
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Analog of Lemma 2.2 (cont.)

Proof.
Let a=1/2, b=1/2, x = cosϕ, ζ = cos θ, utilizing (4.1.7) of Szegö and
[11] of Kuan:
J(1/2,1/2)

k (x)J(1/2,1/2)(ζ)
k

h(1/2,1/2)
k

= ( 2
π )(

sin((k+1)ϕ)
sin(ϕ) )( sin((k+1)θ)

sin(θ) ) and

w = (1 − x)1/2(1 + x)1/2 = sinϕ
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Analog of Lemma 2.2 (cont.)

Proof.
Since T is C1, the Fourier series of T converges to T.
T(cos(ϕ)) =

∑∞
k=0 T̂k

sin(kϕ)
sinϕ = T̂0 + T̂1

sin(2ϕ)
sinϕ + ...,

Where T̂k = 2
π

´ π
0 T(cosϕ) sin((k+1)ϕ)

sinϕ dϕ
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Lemma 2.2 Proof (cont.)

Proof.
Therefore combining the above steps gives:∑∞

k=0
´ 1
−1

J1/2,1/2
k (x)J1/2,1/2

k (ζ)

h1/2,1/2
k

T(x)(1 − x)1/2(1 + x)1/2dx =

2
π

∑∞
k=1(

sin((k+1)θ)
sin θ

´ π
0 T(cosϕ) sin((k+1)ϕ)

sinϕ dϕ) = T̂0 + T̂1
sin(2θ)

sinθ + ...,=
T(cos θ) = T(ζ)
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Proof of Lemma 2.2 (cont)

Proof.
For the case of a = −1/2, using the same (4.1.8) of Szegö and [11] from
Kuan as used above, you get
J(−1/2,1/2)

k (x)J(−1/2,1/2)
k (ζ)

h(−1/2,1/2)
k

= 1
π
cos((2n+1)(ϕ/2))

cos((ϕ/2))
cos((2n+1)(θ/2))

cos((θ/2)) , and the rest of
this case follows similarly to a=1/2
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Proposition 4.2 [Cerenzia ’18]

Define
For any (s, n), (t,m) ∈ Z≥0 × Z>0 and k ∈ Z, define the functions:

Φm
rm−k(t) := 1

2πi
¸ Jt,αm (w)

E(w)(w−1)rm−k+1dw

ϕ[n,m)(s, t) := − 1
2πi
¸ ⟨

Js,αn ,
Jt,αm (u)(u−1)rn−rm

x−u

⟩
αn

du, for n < m

The Determinantal Correlation function with Kernel
Kw((s, n), (t,m)) = −Φ[n,m)(s, t)1(n<m) +

∑rm
k=1 Ψ

n
rn−k(s)Φm

rm−t(t)
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What Would Be Next!

Use Proposition 4.2, using ϕ to find Ψ, aiming to get the closed from
of ϕ
Use Lemma 2.2 to help simplify the integral results from Equation 33
Determine if Probability ((si, ni) is occupied at time ti for 1 ≤ i ≤ k)
= det[ψ]det[τ ]det[ϕ]
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