RANDOM INTERACTING PARTICLE SYSTEMS AND U(spay)

RAY SHANG

ABSTRACT. We use algebraic techniques from [1] and apply them to the Sym-
plectic Plancherel growth model [2]. We construct central elements of U (spay, ),
calculate their states, and provide a covariance calculation.
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1. Introduction

Plancherel growth process models are certain continuous dynamics for Gelfand-
Tsetlin patterns that can help us better understand probabilistic phenomena in
systems involving short-range dependence and simple interactions [2]. Different
growth processes are constructed from the representation theory of different alge-
bras, which affects the evolution of the growth model through factors such as its
interlacing property.

This paper will study the Symplectic Plancherel growth model described in [2]
by utilizing algebraic techniques from [1]. In section 2, we review the Symplectic
Plancherel growth model from [2], state relevant techniques from [1], and other
relevant information. In section 3 we state our main results. In section 4 we
provide helpful details on how we arrived to those results.

2. Background Information

Definition 2.1. Plancherel Growth Model

The Symplectic Plancherel growth model is a Markov process on the lattice
Z>o x Zy. Level n € Z; has 1, = L”T‘HJ particles, which are denoted as xi"),
for i € {1,---,r,}. Each particle performs independent simple random walks, but
particles are "blocked” or ”pushed” according to the model’s interlacing property:

mgﬂrl) < xz(»") < mgnH) for odd n, and :EEE_I) < xin) < xE"‘H) for even n.
1
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Figure 1. [2] A demonstration of how the first five levels evolve. First, a unit
jump to the right by x1, pushing forward several particles. Second, a unit jump to
the right by 23, which does not affect the first five levels. Then a unit jump to the
left by z3 causes it to be reflected back by the boundary.

As this model is constructed from the representation theory of sps,, we provide
background information on spa, and U(spay,)

Definition 2.2. spoy, is the Lie algebra with elements { (é g) |A=-DT, B=BT C = C’T}

where A, B, C, D are n x n matrices, equipped with Lie bracket [X,Y] = XY -Y X.
Let i,j € {£1,---,£n}. Let E;; denote the matrix with 1 in the (ij)-th entry
and 0 everywhere else. Then F;; = E;; — sgn(ij)E_; _; generate spa,.

Definition 2.3. The universal enveloping algebra of spay, is U(span) = T'(span)/(X®
Y - Y ®X — [X,Y]), where T(spa,) = F @ span, © spS2 @ spS> @ -+ is the tensor
algebra of spay,.

The center Z(U(sp2y,)) is comprised of all elements that commute with all of
U(span), and is generated by the central elements ®of, for k € Z+ [1].

Construction 2.4. We now provide the steps for constructing central elements
Doy, € Z(U(span)), as detailed in [1].

Fix a path length k¥ € Z*. Let M denote a d x d matrix with entries being
elements of an algebra A. Let the integers vy < --- < vq index the rows and columns
of M. Consider all paths of length k on a graph with vertices labeled vy < --- < vy
that start at vy and end at vy. Associate to each pathvgy — 87 — -+ = sp_1 —> vg a
monomial m(M)W,S1 -+ (M)s,_, v, Then the power sum polynomial
associated to M is the sum of all monomials associated to the aforementioned paths
of length k.

Let F be the 2nx2n matrix with entries F;; € U(spay). Let F(m) — (Fij)—m<i,j<m

and F(m) = (Fij))=m+1<ij<m- Then, with path length 2k, let @,(Cm) be the power

sum polynomial associated to F(™) — o« Id, and let i)vk(m be the power sum
polynomial associated to —F (™) 4+ m x Id.

Then &g, = 3" o™ + &, "

We now review the techniques used in [1] that we will be applying to the Sym-
plectic model.

Tr|v, (X)

Definition 2.5. For X € U(sps,), define (X), = >, PO(N) =25

parameterizes the irreducible representations of spo,,.

, where A

Remark 2.6. If X € Z(U(span)), then X acts as ¢y x Id on V), for some constant
¢x. Then (X); = E[ex(A(t))]. While this nontrivial statement is not proved in this
paper, the proof should follow similar arguments found in section 2,3, and 4 of [1].
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Definition 2.7. Q; : U(sp2n) — U(span) @U(spay,) is the non-commutative opera-
tor defined as (id®(-)¢)o A, where the coproduct A : U(sp2,) — U(spay,) is an alge-
bra homomorphism and defined on the generators of spa,,: A(F;;) = Fi;Q1+1QF;;.

1]
Theorem 2.8. For s,t >0 and X € Usp,,, we have that (Q:X)s = (X)stt. [1]

3. Results

We now employ several of the aforementioned facts to provide calculations of the
Symplectic model that may provide clarity and confidence to the work of others.

Example 3.1. &y =" _ 2F2 —AmPF,,,+2m>+2F,, _pF_pm+4> 00

m=1
See Remark 4.1 for more details.

]——m+1

Example 3.2. &, =" | q)im) + :}i(m), where @im) is the sum of:
4

d (me _m)
. ZT_fm 3 Foni Fm(Fonm —m)? + & (Frn — ) P Fjin (P, —m) + 3 (Fpn —
FriFim
f ) 7= m—1
o for j #k, Zj__m e —m 2(Em — m) Fi Fji Frem

o« ! 2(me—m)Fm](FjJ m) Fjm

Jj=—m
i Z;n_iflm k,,m 2ij ijkaka

o for j £k Z]_fm [ m2F i Fj Fiem (Frnm — m)
m—1

b Zj_fm 2F ;i (Fj; m)ij(lme - m)

e for j 7é k 75 l Z]__m Zl___m l——m 4erz]F]kalEm

o for j #1, ZJ__m Zl__m 4Fy;(Fj; —m)Fj Fip,

o for j #k, Z]__m k__m 4Fm FipFjFim

o for j #k, Z],_m o AR Fi(Fig — m) Frm,

° ijfm 4FmJ(F m)Qij

and where <I>4( ™ is the sum of:
o (—Fpm +m)?
° Z;’i 1m+1 gF iy m(—Fmm + m)2 + %(—me + m)ijij(_me +m)+
( Fom + m) FmJF]m
. for Gk Y Yo st 2(=Foim + M) Py Fji Fim
o« > = it 2(=Fom + m) Fpj (= Fjj +m)
o X S it 2Fmi Fymn P P
o S e it 2P Fjk Fon (= Fy, + m)
. Z;n:lmﬂ 2Fm;(—Fj; + m)ij(—me + m)
o for j£k#1, ZJ_,mH S AP Fin Fr Fim,
o for j #1, Zj_imﬂ l"lfmﬂ A4F,;(—F;; + m)Fj Fp,
o for j #k, Z;—_mﬂ i1 A Fji Fig B
o for j #k, Z]__m_H Zl__lm_H 4Fi Fjp(—Frp +m) Frm
o Y AP (= Fy; +m)2Fy,
See Remark 4.2 for more details.

Foi Fjm
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Proposition 3.3. ($5); = w + (8n? + 4n)t
See Remark 4.3 for more details.

Proposition 3.4. (®,); = (64n3 + 48n2 + 8n)t? + (40n* — 24n3 + 40n? + 4n)t +
6n°+15n°+10n°—n

15
See Remark 4.4 for more details.

Proposition 3.5. For ®o, we can express Qi Loy as linear combination of {Pap }72
[1]. In particular, we have Q;®4 = &4 + (16nt + 4t) Py + (64n> + 48n? + 8n)t? +
(40n* — 2473 + 4002 + 4n)t — (160t + 4¢)(“e D)y

See Remark 4.5 for more details.

In section 5 of [1], the technique used in example 8 is used to explore the co-
variance structure of the model. We adapt this technique to the case of ®5 to
obtain:

(n1L) (n1L) (na L) (n2L)
.- . P ®§ ro—ry @Y oy ® .
Proposition 3.6. limy,_, ., (-2 <L2 Ity Qurp=rL <LQ; 2=t ®2 " ) Ly L=

(32m2m? + 32m1n? — 320)11 + 6407, where n = min{n,n2}
See Remark 4.6 for more details. More information on the covariance structure
of plancherel growth process models may be found in section 5 of [1].

4. Proofs and Useful Details

The following is a compilation of proofs and useful details that will aid readers
in understanding how the results were obtained.

Remark 4.1. First we calculate @ém). The path length is 2, implying that either
we have the path m — m — m, giving the monomial (F,,,,, — m)? or m — j — m,

giving the monomial 2F},; Fj,,. This yields @gm) = (me—m) +Z], m 2 Fim.

An analagous argument yields @(m) = (=Fpm +m)? + Z]__mH 2F,,;jFjm. Note
j # 0 in both summations.

Remark 4.2. The following is a more detailed casework of the construction of (IDA(Lm):

e if the particle returns 4 times, then we get (me —m)*

o if the particle returns 3 times, we get Z],_m 3Fmi Fjm(Fm — m)? +
%(me* )FmJF]m(mefm)+%(me7 ) ijij
e if the particle returns 2 times, for the case
—m —m—j — k — m, where j # k, gives Z],_m Zz_lm 2(Fm —
)ijijFk’m
—m—m —j—j— m gives mel 2(me —m)Fp;(Fjj —m)Fjn,

—m—=j—m—k—mgives > 2ijijkaka

j=—m kffm
—m —j — k— m— m, where j # k, gives > "~
m)
—m—j— j—m—m gives Z]__m 2F;(Fj5 — m)Fjp (Frm —m)
e if the particle only returns once, and follows the path m—j—k—1l—->m
— and j # k # I, this gives 3271 ST 4F; Fji Fra Fim,

j=—m kffm

k_—m l*—m
— and j = k # I, this gives 3.7 l, m4FmJ(F m) Fj;Fim
— and j =1 # k, this gives erm kffm AF i Fii B Fim

and k =1 # j, this gives Zj_fm Zk_fm 4F ;i Fjk(Frl — m)Fim

2F i Fit From (Frm
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— and j =k =1, this gives Z]__m 4F i (Fj; — m)*Fjy,

The following is a more detailed casework of the construction of ‘/}i(m)

e if the particle returns 4 times, then we get ( Fm +m)?

o if the particle returns 3 times, we get ZJ,_mH 3Fmi Fjm(—Fmnm +m)? +

g(*me + m)ijij(*Fm,m + m) + é( me + m) Fm]ij
e if the particle returns 2 times, for the case

—m —m — j — k — m, where j # k, gives Z],_mﬂ ?_3m+1 2(—Frm+
)FmJFJkam

-—m = m = j — j — m gives Zj*—m+l 2(=Frmm +m)Frj(—Fj5 +
m)Fjm

- m—j—=m—k— m gives Z]*—m+l e lm+1 2F0; Fju Frte Fiom,

- m—j —k— m — mgives Z],ﬂnﬂ Zifmﬂ 2F 0, Fji Fm (—Frum+
m)

—m—j—j—m— m gives Z;:—mﬂ 2F (= Fjj +m) Fjm (= Fpm +

m
e if the p>artlcle only returns once, and follows the pathm — j - k —>1—m
— and j # k # [, this gives ZJ_ me1 Zk——m+1 ;r;__lm_s_l AF, i Fik FrFim
— and j = k # [, this gives Zj__m_H Zl——m+1 4F,,;(—F;; + m)F; Fyp,
— and j = | # k, this gives Zj,_m_H Zk,_mﬂ AF ;i Fj Pl Fim
— and k = [ # j, this gives Z m+1 Zk,7m+1 4F; Fji(—Fre+m) Frm

— and j = k =1, this gives ermﬂ 4F i (—Fj; + m)?Fj,

Remark 4.3. We have that Q;®5 = > ((F2 Ye + F2,) — AmF, + 2m? +

m=1

2[<Fm,7mem,m>t + Fm,fmem,m> ] + 4 ij m+1<Fm]FJm>t + ijF]m
Then (®2); = lime_,0(P2)¢ye = lime,0(Q: P2)e.

Remark 4.4. Calculating (®4);:

Note that <q)4>t+e = <Qt(I)4>€ = <(Zd® <>t)A(I)4>€

So first we calculate A®,. Since 4 = > @im) + <I>Elm) , we will calculate the

m=1

coproduct for general m for each of the two ®’s.

Necessary calculations for A@im):

o A(Fpm —m)*

— A( Frm —m)* = (A(Fpm) —A(m)* = (Frum @1+ 1@ Frppp —m@ 1),
Note that (Frm @ 1+1® Frpp —m®1)2 = F2, @1 +1® F2, +
2Fm @ Foum — 2mFm @ 1 — 1@ 2mFy,,, + m?(1 @ 1). Thus, we
have that the coproduct is: Fii ®@1+1®F} +6F2 ®F2  +
AF3, @ Fyp +AFy @ FS, —AmF, @1 —dml® FS,,  12mF2, @
Frm — 12mF, @ F2 +6m?F2, @1+6m?1® F2, +12m%F,, ®
Frim —4m3F 0 @1 —4m21 @ Fpp + m* (1@ 1).

L] A(Fm]F]m(me — m)2)

- = AFm]Aij(A(Fm’m - m))2 = (F7nj ®1+1® ij)(ij ®1+1®

F; )(anm @1+1® F2, + 2Fmm @ Fpm — 2mFy, @ 1 —2ml @

me + m2(1 ® 1)) . Thus, we have that the coproduct is:



RAY SHANG

ijijFTQnm®1+1®ijijF72nm+ijij®F72er+F72er®ijij+
2ijijme & me + 2me & ijijme - 27711;‘mj1?ij‘m7n &
1-2ml® ijijme — 2mijij ® me — 2mme ® ijij +
M2 Fyi Fi © 1+ m?1 ® FpjFim + m2Fpj @ Fipy + m2Fjpy @ Frpj +
Fong Fm ® Fjmn + Fjim ® Fing B 4 Fonj @ Fjin 2+ Fjn 7 @ Frny +
2ijme 0y ijme + 2ijme oY ijme - szijmm oY ij -
Qijm X Fm]me — 2mFm] X ijme — 2mFJmme X ij
o A((Emm — m)Fj Fjm (Frnm —m))

— = A(Frmm—m)AF,; AF}, A(Fpm—m) . Note that A(Fppp—m)AF,; =
1 —-ml® F,,; . Also note that AF;,, A(Fpm —m) = (Fjn @1 +1®
Fip)(Frm ®1+1Q Fpm —m®1). Thus we have the coproduct
is: meFm]Fngmm ®1+1® meFm]ijme + meijij &
me+me®meFm]ij_mmeijij®1_m1®meijij+
ijme®meFm]_mmeFm]®ij_mF]m®meFmJ+meF]mme®
ij+ij®meijme"'meij®ijme+ijF7er®F7erij_
mmeij (24 ij — mij X meFJm + anm X ijij + ijij (24
Fy%m+me®ijF]mme+Fm]F]mme®me_mme®Fm]ij_
mijij®me—mijijme®1—ml®ijijme—mijij@)
ij _ijm®Fm]me _mij ®F]mme _ijmme®ij +
mZij X ij + szjm & ij

o A((Fym —m)*FynjFin)

— Note that this is equal to (F2,,,@1+1QF2, +2Fm® Fpm—2mF,®
1=2m1® Frpm +m*(1®1))(Fpj @ 1+ 1® Frpj ) (Fjm @ 1+ 1@ Fjpp,).
Thus we have that the coproduct is: F2 F,jFjm®1+1®
FZnFmiFjm + FjFjm @ Fjp + Fpyy ® Finj Fin + 2Fnm Frn Fjm ©
Frim+2F @ Fon Foi Fion —2mF y Fo i iy ©1—2m1@ F i, Foj Fijn —
2mijij ® me — Qmme (9 ijij + mQijij ®1+ m21 ®
FrjFjm +m?Fy @ Fimp +m*Fjp @ Frpj + F2 Fj @ Fiy + Fiy ®
i+ Fing @ Fp Fjin + F oy Fjim @ Fonj - 2F i Frnj © Frpn Fjom +-
2meFJm X anLij - 2mF7anmj & ij - 2mFJm X anLij -
2mij X me,ij — 2mmeF]m (4 ij

[ ] A((me — m)ijijka)

— We have that A(Fpm — M)Frnj = FomFmj @ 1+ Fm @ Finj +
ijka ®14+ ij ® Fem + Fiem ® ij +1® ijka. Thus, we
have the coproduct is:  FimFjFjErem @ 1 + FrmFni i ®
ka + meFm]ka & ij + meij 02y ijka + meijka &
ij +meij®ijka+meka®ijF]k+me®ijijka+
meF]kam + ijFk:m 0y meFm] + ij 0 meijFk:m + Frm @
FrimPmiFik +1Q Foum Fog Fik Fom — MFy; Fijg Fem @ 1+ mFp Fip ®
Fiomn — By Flon @ Flig — By @ Fyp Fpm — MEj i @ Frj — mFj, ®
Fm]‘ij — kam ® ijij —ml® ijijka

o A(Fpm —m)Fp;(Fj5 —m)F;
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— We have that A(Fpm — m)Fj = FomFmj @ 1+ Fm @ Fij +
Frj @ Frum +1Q Fym Py — mEy; ® 1 —ml ® Fl,;. We also have
that A(Fjj — m)ij = Fijjm ®1+ Fjj & ij + ij ® Fjj +1®
F;iFjpm — mFjy, @ 1 — ml ® Fjp,. Thus, we have the coprod-
uct is: meijF]Jij ®1+ meFm]FJ] (9 ij + meFm]F]m ®
Fij+ FnmFing @ FjjFim — mMEym B Fim @ 1 —mFpm Fing @ Fiy +
meFijjm®ij +meFjj®ijij+meij®ijFjj +me®
ijFijjm - mmeFJm X ij — mme X ijij + ijFijjm X
meijij + ij ® meijFjj +1® meijFijjm - ijm ®
anLij —ml ®meFm]F]m —mijFijjm ®1 —mijFjj ®F]m -
mijij ®Fjj 7mij X Fijjm +m2ijij ®1 +m2ij ®ij —
ijijm®ij—ijj®ijij—ijm®ijFjj—m1®ijFijjm—|—
mQij X ij +m?l® ijij

i AF‘7njF‘jwzF"mk:F‘k’m

— We have Aijij = ijij ®1+1 ®F'ijj7n —|—ij ®F]m —|—ij X
F,,;, and we also have AFy ;. Frm = Fink Flom @ 14+1Q Frp Fiom + Frie ®
From+Frm®Fn,. Thus we have the coproduct is:  Fij Fijr Pt Frem ®
ijijF'rnk + ijka:ka ® ij + F’rnj ® ijkaka + F’H’Lijk‘ 0y
ijka+ijka®ijka+ijkaka®ij+ij®ijkaka+
ijka®ijka+ijka®ijka

L4 AFm]FJkam(me - m)

— We have that Aijij = ijij®1+1®ijij+ij ®ij+ij®
F,,;. We also have that AFy,,(Fm —m) = FepnFonm @ 1+ Fpy ®
From —mFim @1+ Frm @ Fepn + 1 ® Fron Frum — m1 @ Fip,. Thus,
we have the coproduct is: F,jFjiFpmFrm @ 1+ Fopj FiiFrm @
me_mijijka®1+ijijme®ka+ijij®kame_
Eoi i+ Fm@F i Fig From 1@ F o Flig Fron Erm —m1Q F  Fjj From +
ijkame®ij +ijka®ijme_mijka®ij+ijme®
ijka +ij®ijkame*mij®ijka+ijkame®ij+
ijka®ijme_ijkam®ij+ijme®ijka+ij®
Fm]Fk:mme _ijk ®ijka

— We have that Aij(Fj]‘ —m) = ijFjj X 1—|—ij ®Fjj —mij ®1+
Fjj ®ij + 1®ijFjj —ml ®ij We have that Aij(me 7m) =
ml®UF},. Thus, we have the coproduct is: Fy,; F}; FjmFrm®1+
Fnj 3 Fjm @ Frn = mE i B Fjin @1+ Fonj Fy Fryn @ Fjgn + Fn Fjj @
Fjn Fomn — M F i F3 & Fjn + Foi Fim Forom @ Fij + Foj Fijn @ Fyj Fmy —
mijij X Fjj + ijme X Fijjm + ij X Fijijmm - mij (24
Fijjm - mijijme ®1— mijij X me + szijjm ®1—
mijme ® ij — mij ®F]mme +m2ij ® ij +Fijijmm ®
Fmj + FjjFjm @ FinjFm — mEjFjm © g + FjjFnm © FupgFjm +
Fyj @ Finj FjmEinm — mEj; @ FonjFjm + Fjn Fom @ FinjFjj + Fjm ©
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ijFjjme_ijm®ijFjj+me®ijFjjij+1®ijFijjmme_
ml® ijFijjm — ijmme (24 ij — ijm X Fm]me + szjm (24
Fm]‘ — mme ® ijij —ml® ijijme + m21 ® Fm]‘ij
o AL, iFFrFim
— We have that Aijij = ijij RI1I+1® ijij + ij X ij +
Fji, ® Frj. We also have that AFy Fiy = FigFim @ 14+ 1 FigFiyn +
Fii @ Fiyy + Flyy ® F. Thus, the coproduct is:  F,,; Fj FiFim ®
1+ Fj Fi @ Frg Fiom + Fin Fig Fra @ Fin + Frog i Fion @ Frg + Fig Fm @
FrjFir +1Q Foj Fip FiaFim + Fru Q@ Fj Fig Fim + Fim @ Fij FigFra +
Frj B @ Figg + Fing @ Fig Fri Fim + Fin Fra @ FigFim + Fng Fin @
Fir Py + FipFoFim @ Fog + Fiie @ Fj FoFim + FiFr @ Finj Fim +
FipFim @ FrjFra
[ Aij(Fjj — m)Flelm
— We have that Aij(Fjj — m) = ijFjj ® ]. + Fm]' ® Fjj — mij ®
1+ Fjj ® ij +1® ijFjj -_—ml® ij. We have that AFlelm =
i Flon @14+1Q Fj1 Fipy + Fji @ Fipy + Fiy, ® F;. Thus we have the co-
product is: ijFjjFjlﬂm®1+ijFjj®Flelm+ijFijjl®Flm+
EriFiiFim @ Fji + Foj FjiFim @ Fjj 4+ Fing @ FjiFjFim + Frj Fji ®
Fjj.Flm + ijFlm ® Fijjl - mijFlelm ®1-— mij ® Fjlﬂm —
ME; Fji @y —mEF i Fim @ Fj+Fy i Fj Bl @ Frj + Fy @ Fry s Fiy Fi +
Fi Fji@F i Fin+Fjj Fin @ Foj Fii 4+ Fj Fin @ F F A 10 F 0 i Fy 5 F 1 Fim +
Fjl®F7rLijjﬂ7n+sz®F7nijijl_ijlFlm®ij_m1®F7rLijlﬂm_
mFj @ FojFum — mEyy, @ FrjFy
o AEiFiFjFim
— We have that Aijij = Fm]’ij®1+1®FmJ‘ij+Fm]‘ ®ij+ij®
ij. We also have that Aijij = ijij ®14+1 ®ijij —|—ij ®
Fip+Fjm®F);. Thus, we have the coproduct is:  F,,; Fjp Fij Fjm®
14+ F i B @F g B+ Fon Fi By @ By + Fo j Fii By @ B+ Foj Fijn @
FrnjFig +1Q Fj Fig Frj Fim + Frj @ Fong Fik Fym + Fim @ Fig F Fieg +
FrjFijFim @ Fjj + Frnj @ FijiFoj Fijm 4 Frj Frj @ Fip Fym + Finj Fjm @
FipFrj + FikFrj Fim @ Fj + Fig @ Frj Frj Fym + Fig Py @ Fj Fym +
FipFim @ Frj Fij
L4 Aijij(Fkk - m)ka
— We have that Aijij = ijij RI+1I® ijij + ij ® ij +
ij ® ij. We also have that A(Fkk - m)ka = FopFom @1+ Frp ®
Frm + Fem @ Frpe + 1 Q Frp Fropn — MFeym @ 1 — ml ® Fi,,. Thus, we
have the coproduct is: ijijFklchm Q1+ ijFjlchk & Frm +
Frj Fik From @ Fip+ Frnj Fig @ Fiog Fromn —mFp Fip Femn @1 —mF i Fjp ®
Frm + Frer Fem @ Fing Fijg + Frer @ Fon Fig From + Feom @ Fonj Fi Frr +1®
ijijFkkam *kam®ijij 7m1®ijijka+ijFkkam®
Fii + Foj Frr @ FipFrm + FrjFrom @ FipFrp + Frg @ FipFrop From —
MF i Fiem @ Fig — mFn; @ FijFem + FijuFppFrom @ Frj + FijnFre ®
ErjFrom + FjpFrm @ Frj Frog + Fiji @ Frj Fiop Fom — mME 1 Fm @ Fry —
mFjr @ FrjFrm
o AFy;(Ej; —m)*F;
— We have that Aij(Fjj —m) = ijFjj ® 1+FmJ ®Fjj —mij ® ].+
Fjj ®ij +1® ijFjj —ml ®ij. We have that A(Fjj — m)Fj =
Fjj Fjm @1+ Fjj @ Fj+ Ejm @ Fjj + 1@ Fjj Fjn —mEjm @1 =m1@ .
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Thus, we have the coproduct is: ijFijij®1—|—F F 5@ Fjm+
Fyu Fyi Fyon @ Fjj o Fon 3 © Fyy Fyn = mFy F Fian © 1= ik, Fyy @
ij + ijFijjm ® Fjj + ijFjj ® Fijjm + ijij ® Fj2j + ij ®
F F]'m mijij (29 Fjj - mij & Fijjm - mijFijjm ®1-—
mijFjJ@)ij mijij@)Fjj—mij®Fijjm+m2ijij®1+
M2 Frj @ Fjrn 4 F Fim @ Fj+ 3@ B Fjon 4 Fjj Fjn @ Frn 4 Fj @
Fou Fyy Fyn — 5y ® Fog — ME; @ Fony Fjon + Fy Fyon @ oy
Fjj ®ijFijjm+ij®Fm]’Fj2j+1®ijFj2ijm*ijm®Fm]’Fjj7
m1®ijFijjm—ijijm®ij—ijj®ijij—ijm®ijFjj—
ml® Fm]‘Fijjm + m2ij (9 Fm]‘ +m?l® Fm]‘ij

From these calculations, we can obtain the following:
L4 Qt( mm m)4
24mmet +6m2F2,, +12m2t — 4m3 Fyp, + m?*
<Qt( mm m) >e = <F7%7.m>E+<F;}7,m>t+]‘2<Fg’Lm>€t+4<me>€<F7?;Lm>t7
Am(F3, Ve —4Am(F3 Yy — 24m(Fpm) et +6m>(F2, ) e +12m2t —
4m3(Fpm)e +m*
b Qt(FmJFJm(me - m)z)
F F F1’2nm <F F F3Lm>t+2ijFJmt+F3Lm <Fm]FJm>t+2me <ijijme>t_
ZmFmJijme 2m<FmJFJmme>t72mme<ijij>t+m2ijij+
1 (Fnj Fjm) 4 Fim (Fing Foy )t Fing (Fjm F ) 12 F g Frnn (Fjom Frum )1+
2ijme<ijme>t - 2mFgm<Fm]me>t - 2mFm] <ijme>t
L4 Qt( mm m)Fm]F]m(me - m)

- meFmJF]mme+<meFm]F]mme>t+me<meFm]ij>t_mmeFm]F]m_
m<meijij>t+ij<meijme>t+meij <ijme>t+ijme<meij>t+
mFJm<meFm]>t+ij <meijme>t+meij<Fm]me>t+ijme<meij>t*
mij <meij>t+F31m <ijij>t+2ijijt+me<ijijme>t+
m2ijij + m2 <ijij>t - ijm <ijme>t - mij <F]mme>t

4 Qt(me - m)2ijij

— anmijijJr<F3Lmijij>t+2ijijt+F§lm<ijij>t+2me<meijij>t*
2mmeijij—2m<meijij>t—Qmme(ijij>t+m2ijij+
2 (Fnj P )1+ Fjin (F i Fon )t F (F 7 Fjon) 42 F i Fon ( Fon Fjm )1+

L4 Qt( mm m)ijijFknL

- meijijka+meij <ijka>t+meij<ijka>t+meka <ijij>t+
me<ijijka>t+ijij<meka>t+ijka<meij>t+ij <meF]kam>t+
ijka<meij>t+ij<meijFk:m>t+ka<meijij>t+<meijijka>t_
mijijFk:m mij <F]kam>t_ijk<F i F; k:>t_kam<ijij>t_

<F Fkam>
o Qi(Fn _m)FmJ(F]J —m)ij
*meijFijjm+meij<Fijjm> =M E i o Fjm+ Fpym Fjj (Finj Fjm )1+
Erpmn Ejm (Fmj Fjj )+ Fmm (Fmg Fjj Fjm)t— mme<FmJF]m>t+FmJFJJ<meFJm>t+
Ei Fjm (Fonm Ej) e+ Foj (Frnn 5 Fjm )t =M F j (Frn Fjm ) ¢+ F Fjon (Frpum i )¢+
Fjj (Enm Ern Fjm) e+ Fjm (Fpm Fnj Fj )+ (Fpum P Fj F > ~MF i (Frym Fing)t—

F
J
M Frpn g Fjm )t — B Fjj Fj — mij<Fijjm>t o ? Fnj Fjm —
MF;i(FonjFjm)t — MFjm(FmjFjj)t — m(Fp; Fjj Fim) e +m? (Fonj Fjm )t
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i Qtijijkaka

- FmJijkaka+ijij<kaka>t+kaka<ijij>t+<FmJF]mkaka>t+
ka <ijijka>t+ka <ijijka>t+ij <ijkaka>t+Fm]ka<ijka>t+
ijFk:m <F]mka>t+FJm <ijkaka>t+ijka <ijka>t+ijka<ijka>t

hd QtijF]kam(me - m)

- ijijkame_mijijka"'ijij<kame>t+kame<ijij>t+
ka<ijijme>t*kam<ijij>t+Fm,m<ijijka>t+<ijijkame>t*
m<ijijka>t+Fm]ka<ijme>t+Fm]me<ijka>t+ij <ijkame>t_
mij <ijka>t+ijka<ijme>t+ijme <ijka>t+ij<ijkame>t_
ijk:<ijFk:m>t

o QiFy;(Fjj —m)Fjm(Fnm —m)

= i Fyj Fjm Frnm —mF i Fyj Fjm+Fo Fyj (Fjm )t Fing Fjm (Fj Fom ) e+
Fonj B (F 3 Fjm )4 Fon (Fjj Fym Fm )t =1 F o (Fj 5 Fjm )t =m0 F o Fjn Frm =+
12 Fonj Fjin =m0 Fo (Fjn P )1+ Fjin A Fin Frn )1+ Fon (Fong Fjm )+
Fyj (Fnj Fjm Frnm )t =mE 5 (Fon Ejn ) e+ F o Frm (Fin Fji 174 Fjm (Fng Fyj Fim ) e —
ME i (o Fj) e+ Fovm (Fong Fj Fim )1+ (Fing Fyj Fjm Fom ) e =m0 o Fj Fin )1 —
ijm<ijme>t_mme<ijij>t_m<ijijme>t+m2<ijij>t

o O FiFipFrF,

— FojFit Fri Fim+Fj Fik(Fri i )t 4+ Frt Fim (Fonj Fi )+ (Fmj Fije Fror Fim )¢+
Frt(Fonj Fite Fim )¢+ Fim (Frmj Fij Fit) t+ Fnj (Fk Fret Fm )+ Fonj Fro (Fji Fim )¢+
Foj Fin (Fii Frt) e+ Fii(Fnj Fri Fim )¢+ File Frt (Frn Fin )¢+ File Fn ( Finj Frr )

o QiFyi(Fj; —m)FjFly,

= Fonj By FjiFim+Fonj Fj i (FjiFum) e+ Fj (F 5 F i Fom )t 4+ Fong Fii(Fjj Fim ) e+
Foi Ermn (F5 Fj1)e —mEF j Fji Fion —mF i (F 51 Fim )1+ F (B Fit Fim) 1+
Eyi Fji(F Fim )1+ Fjj Fin (Fonj Fju) e+ Fji Fion (F i Fy e+ (F B FjnFim) e+
Fii(Frnj Fji Fim)t+Fim (Fm; F i Fjt) e—=m(F i Fji Fim) e —mF 51 (F i Fim ) —
mFlm<ijFjl>t

o Qi FiFinFiiFim

— FojFitFrj Fjm~+Fj Fii(Frj Fjm) i+ Frj Fjm (Em; Fjk) i+ (Fonj Fil Frj Fim) o+
Ej (Fing Ejp Fym )t Fjm (Fmj Fjk Frej) e+ Fing (Fjin Fij Fjm )1+ F i Froj (Fj Fjm )¢+
Eog Ejon (Fjie Fj )t +Fjao(Fmj Frej Fjm) e+ Fie Foj (Fong Fjm )1+ Fjo Fjm (Fmj Fiej) ¢

 QitF; Fii(Fr — m)Fm

— Foi FiuFrk Fom~+Fon Fik (Froke Flom )t =M F 0 Fik From~+ Flok From (Fnj Fik) e+
Frop(Frnj Fit From ) t+From (Fnj Fj Fro )t (Fnj Fijk Froke From )t — M F o (Fon Fji )1 —

M Frj File From) t+ Fonj Frr A F e From ) t 4+ Fonj From (Fji Floke )+ Frj (F e Fiot From )t —
MEF i (Fjie Flom )t +Fike Froe (Finj From) t+ Fj From (Fnj Frok )¢+ Fik( Fonj Fiek From) t—
mF]k:<Fm]ka>t
o QuFn;(Fj; —m)*F}
= FuiF}; Fjm + Finj Fjj(Fjj Fjm)t — MFinj Fjj Fjm + Foi Fjj(Fjj Fim)e +
Fonj Fjm (F3)e + Fng(F Fjm)e — mFo(FjjFim)e — mEpi FjjFjm —
MFnj(FjjFjm)e +m? Fpnj Fjm + F2(Foj Fjm)e + Fjj Fjm(FniFjj)e +
Fji(Fing Fjj Fjm)e=mF} i (Fo Fjim )t +Fjj Fjm (P Fjj) e+ Fj (Finj Fj Fjm ) e+
Ejm (Fonj F3)e + (Foni F7 Fin) e = MF i (Foni Fyj)e — m{F i Fj Fjm )¢ —

MF}j(Fj Fjm)t — MFjn (Finj Fjj) e = m{Fmj Fjj Fim)e +m* (Fonj Fjm)

We have that QP4 = > " _; Qtéflm) + th)flm). Note that th)im) is the sum of:

L4 Qt(me - m)4
o X §Qu(FnFyn (Fom — m)?))
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. ZT_fm 2Qi(Frm — M) Fonj Fjyn (B — m)

e S A B mPE

o where j # k, Y7 S 2Qu(Fym — m) Foi Pt Fom
o Z;n:_lm 2Q¢(Fym — m) Fj(Fjj — m) Fjm

b Z;n—ilm Zkffm 2Q¢F i Fjm Frnk Frm

o where j # k, ijfm Zl:,lm 2Qt Frj Fjt Fem (Frm — m)
o 3 2QuF i (Fjj — m) Fjm(Fom — m)

e where j # k #1, Z]__m S AQyFnj Fik FiaFim
e where j # 1, Z]__m ;Z_lm 4QiFrnj(Fj; — m)FjFi,

e where j # k, ZJ,_m v AQuFnjFixFijFjm,

e where j # k, ZJ__m Zl;_lm 4Q¢ Frj Fji(Fir — m) Frm,
Z;n:jm AQ1Fj(Fjj — m)?Fjm

—

and Qtéflm) is the sum of:
o Qi(Frm —m)*
° Z;n:__lm_,_l %Qt(ijij(me - m)2))
o 3 1 3Qu(Fom — M) Foj Fion (P — )
b ZT:_lmJ,-l g(me - )2ijij
e where j # k, ZJ——m+1 m it —2Qu(Frum — m) Fonj Fj Fiom,
i Z;nfflerl 2Qt(Fym — m) i (Fjj — m) Fm
. Z}"—fm e +1 2Q1 Fyj Fjom Foke From
e where j # k, E]_,mﬂ S it —2Qt Foi FjiFim (Frn — m)
b ZT—_lm-H 2Q1F (FJ] m)FJm(me —m)
e where j # k #1, Zj——7n+1 Zf_lnﬂrl ;71:17«;1_1,_1 4Q i Fnj Fik Fri Fim
e where j # 1, Z]__m_H ?1_1m+1 —4QiFj(Fjj — m)FjFi
e where j # k, Zj—fmﬂ ZL 1m+1 4QtmeijFkJFJm
e where j # k, ZJ_,erl Zl,,lerl —4Q¢F i Fi(Fir — m) Fim
b Z;‘”:jerl 4QuF;(Fjj — m)ZFJm

Thus, lime0(®a)ese = limeo(QiPa)e = limeo 30— (Qu®F™). + (Qu@{™).,
which will be the sum of, for m =1 to n... 1im€_>0<th)im)>5 :
o (Ft Ny —dm(F3 Y+ 12m?*t +m?
(2t + 12t%) + 0 + 12m?t + m*
Z], L P FimF20)t — 2m{Fon Fim Fym )t + M2 (Fpi Fjn )t
(4t +8t2) — 2m(4t) +m?(4)] + 3 S (E4+412) — 2m(t) +m?(2t)
Er ol Foni Fiin P )t — M Fon Fonj )t — M F o Fjn P )t +
<FmJFJm>
(4t+8t2 dmt—4amt+m?(4t))+3 Z]__mﬂ t+4t2 —mt—mt+m?(2t)
3 Z]— m< mEmiFjm)t *2m<meFmJFJm>t+m2<ijij>t
— (4t + 8t — 2m(4t) + m?(4t)) + 3 Z],_mH t+ 412 — 2mt + m?2(2t)
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where j 75 /€ 22 ——m k——m<meFm]F kam>t - <ijijka>t
— 6(m )(2)(2t —2mt) + (4m — 8)(m — 1)(2)(t — mt)
2Zj—_m<meFmJFJJFJm> <meFmJij> <ijFijjm>t+m2<ijij>t
— 2(4t —8t* —m(4t) —m(4t) +m>(4t)) +2 37 mHt mt —mt+m?2(2t)
2 Zj—fm k—7m<Fm]FJmkaka>
— 2(16t+32t2) +4(m—1)2(4t+8t%) +2(m—1)2(2t +8t) + (2m —2) (2m —
3)2(t + 4t2)
where j ;é k, 22]_77% Zk—fm<F Fkamme) — M{F;i Fjk Frem)t
— 6(m —1)2(2t — 2mt) + (4m — 8)(m — 1)2(t — mt)
22]——m<Fm]FJJFJmme> <FmJFJJF]m> M Fnj Fjon Frn )1+ (Fri Fjim )
— 2(4t—8t%)—2m(4t)—2m(4t)+2m?> (4t)+2 ij_m 1 t=mt—mt+m?(2t)
where j # k # 1,43 ST ST (B FjnFriFin )4
— 2(m —1)4(t — 4t?) + 2(m — 1)4(4t) + ((2m — 2)(2m — 4))4(2t) + (2m —
2)(2m — 4)4(2t) + (2m — 2)4(4t) + ((2m — 2)(2m — 4))4(2t) + (2m —
2)(2m — 4)4(2t) + (m — 1)(8m? — 32m + 32)4¢
wherej;«él,z;z;”;jm o (FosFj FlFlm>t—m(ijFlelm>t
— 6(m — 1)4(2t — 2mt) (4m s)( 1)4(t — mt)
where j # k, 42:]__m k__m<ijijijij>
- 2(m—1)4 (4t+8t2)+2( — 1)4(4t + 8t2) + (4m — 6)(m — 1)4(t + 4¢?)
where j ;é k, 4300 k__m<ijijFkkam> — M (Fj Fje From)
— 6(m )4(2t —2mt) + (4m — 8)(m — 1)4(t — m¢t)
Ay m<FmgFmF D= Fo F Fjm ) — <ijFijjm>t+m2<ijij>t
— 4(4t 4 8t* — 2m(4t) +m?(4t)) + 43T ot A2 = 2mt + m2(2t)

and the sum of 11m5_>0<Qt<I)(m)>€.

o (F* Ve —4m(F3 ), +12m2t + m*

— 2t + 12¢2 + 12m?t + m*
3 Z;nllmH(F iFimE )t = 2 Fo Fjm Fiun )t + Mm% (Finj Fjm )¢
-3 Z],fmﬂ(t + 4t%) — 2m(t) + m?(2t)
4 Zg—me(meijijme% = M Frm Frnj Ejm) ¢ — M Foj Fjin Frm )¢ +
M (Frj Fjm )t
-4 ZT_’_lm i t 4 412 — 2mt + m?2(2t)
% Z]f_m+1< mFmiFim)t = 20 o Frnj Fim )t + M (Fn i )
3 ijmﬂ t+ 4% — 2mt + m>(2t)
where j # k, —2 ZJ_—mH ot B Fon Fjio From )t =10 Fr s Fji Fo )t
— 2(m — 1)(=2)(2t — 2mt) + (4m — 8)(m — 1)(—2)(t — mt)
2ZJ—_mH<meijFijjm>t*m<me i Fjm) e = Fo By Fjon ) 1000 (Fo i Fji )
-2 Z], ma1 b — 2mt +m?(2t)
2y S (P Fymn Fte Frn )t
- 2(m —1)2 (2t+8t2)+(2m—2)(2m 3)2(t + 4t?)
where j # k, —2 Z]——m+1 ?—7jm+1<Fm1ijkame> 1 Fji Fem )1
— 9(m — 1)(=2)(2t — 2mt) + (4m — 8)(m — 1)(~2)(t — mt)
2y (Fni i Fymn Foin )t = Fon F P )= P Fj Frn )1+ (o Fjm )
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-2 Z;"’:__lmH t —2mt +m?(2t)
e where j # k # 1, 42;“:__17”“ ;n:__lmﬂ ?i__lerl(ijijFleZmM
— 2(2m —2)(2m — 4)(4)(2t) + (2m — 2)(2m — 4)(2m — 5)(4)(¢)
o where j # 1, —4Y " ST (P B FjFim )t — M Fo Fjt Fim s
— (2m —2)(—4)(2t — 2mt) + (2m — 2)(2m — 4)(—4)(t — m¢t)
o where j £k, 4Y T ST (B FikFrg Fim)
— (2m — 2)(4)(4t + 8t?) + (2m — 2)(2m — 4)(4) (¢ + 4¢?)
e where .7 7é k7 —4 Z;n:_,lerl km:_,lerl <ijijFkka'rn>t - m<F'rnijkam>t
— (2m = 2)(—4)(2t — 2mt) + (2m — 2)(2m — 4)(—4)(t — mt)
m—1
o Ay (B FE Fym) e = F 'y Fjn ) e—=m (Fo Fjj Fjon )i+ (F Fjin ) o
— AT Lt 42— 2mi + m?(2t)
So we have that the expression within the > " _ is the sum of:

e constants

- 2m?
o
— 4424m2+32—64m+32m2 +48(1 —2m+2m?)(m—1) +48(m—1)(2—
2m) + 8 — 16m + 8m? + 32m + (m — 1)(16m — 8) + 8 — 16m + 8m? +
72(m —1) +32(2m — 2)(2m — 4) + 4(m — 1)(8m? — 32m + 32) + (2m —
2)(2m —4)(8m —4)+96m — 96 +4(4m —6)(m — 1) +4(2m —2)(2m —4)
o 1?2

— 244324 32(2m—2) — 16+ 64m + (m— 1) (64m — 32) — 16 — 32(m — 1) +
192(m—1)+16(4m —6)(m—1) +16(2m —2)(2m —4) + 32+ 64(m — 1)

This simplifies to

e constants

— 2m?
ot

— 160m3 — 312m? + 312m — 100
o 2

— 192m? — 96m + 24

So finally we have that (®4); = > _, 2m* +¢ 3" _ (160m3 — 312m? + 312m —

100) + £2(X" _, 192m? — 96m + 24) = 2D bonan=l) 4 4 qenintD?
3127t NEnHL) | 319nnb ) 100p) + ¢2(19220HUEED  ggnintl) | ogp).
This simplifies to (®4); = (64n> + 48n? + 8n)t? + (40n* — 24n3 + 40n? + 4n)t +
6n°+15n*410n°—n
o

Remark 4.5. From Proposition 4.4 of [1], we have that Q;®4 € Z(U(spay,)). It is
clear that we must have Q;®4 = ®, + a®y + b®3 + ¢, for some constants a, b, ¢ in
terms of n and t. We claim that b = 0. To see this, note that among ®4, ®o, ®32,
we have that ®3 is the only one that contains terms of the form F,,,F};, where
j # k € Z*. However, if we consider Remark 4.2, the only terms that could
yield Fy,nFj; would be from terms such as 2(Fp,n, — m)Fp;(Fj; — m)Fj, and
2F,;(Fj; —m)Fjm (Fmm —m). However, if we apply @ to these terms and produce
a Frym Fyj, there will be a symmetrical Fi,p Fj —j = —Fym Fj;. Thus, these terms
will cancel, so we must have Q;®4 = &4 = ®4 + a®s + ¢. To find what a is, it
suffices to find the coefficient of F2, in Q;®, for a particular m, and subtract the
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F2 . terms contained in ®4, then divide by 2, since the coefficient of F'2,  in @5 is

2.

This yields Q@4 = P4 + (16nt + 4t)P2 + C for some constant C. We have
that (Q:®4)o = (Pa)r = (Pa)o + (16nt + 4t)(P2)o + C. So C = (64n> + 48n? +
8n)t2 + (4On4 — 24n3 + 40n2 +4n)t+ 6n5+15nf;r10n37n _ 6n5+15nf;r10n37n — (16nt +
4t)(n(n+1é(2n+l)).

So QP4 = @4 + (160t + 4t)Po + (6413 + 48n2 + 8n)t? + (40n* — 24n> + 40n? +
An)t — (160t + 4t)(“ntErtL) )

Remark 4.6. We have

mL m—1
o) = N 2R Am B+ 2m% 4 2P P+ AFiFjm
m=1 j=—m+1

LmL+1)2mL+1
<(I)§771L)>TIL — T (Tll 3)( T ) + (877%[/2 +47]1L)7'1L

and Q('rz—-rl)L(I)gmL) = ZWL 2<F31m>('rzfn)L+2F3;m_4mme+2m2+2<Fmﬁmem,m>('rzfn)L"'

m=1
m—1
2Fm,—mF_mm + 43 1 (FmjFim) (=)L + FinjEFjm
SO
L
Q(Tg—ﬁ)L(I)glz ) =

n2L m—1
> 2F2 —Am P A2mP 42 oyt Y AF i Fi+8(ra— 11 )n3 L+ 4(r2— 11 )p L2
m=1 j=—m+1

and we also have (Q(TZ,TI)L(I)SDL))TIL = <<I>(27’2L)>72L =

naL(n2L +1)(2n2L + 1)
3

+ (892 L% + 4ma) oL

We want to calculate limy_, oo L™2 of
1L o L
<(I)g7 )Q(Tz—Tl)L(I)gn )>T1L
L L
—(@5™) (@5, =

[8(72 — T )3 L3+ 4(r2 — ) L2 (@YY 1+ (7L 2F2,,, — 4m P +2m2 +

2F i P+ S 1 A Fyin )< (0L 2F2  — A F i +2m2 4 2F i F oy i+

m—1 1L oL
Y ie—mi1 4FmiFim))rL — (@Y (@) L.
A long multiplication and keeping track of various states yields:

mL(mL+1)(2n L +1)

3 + (892 L% + 4n L) L]

[8(2 — T )M L? + 4(72 — 1)1 L?] % |

(n2L +1)(2n2 L + 1)
3

L
FANL(2T L+ 1272L2) + A(472L2) (o L2 — L) + 4y 1 L2 2

+4nL(4T L + 872L?) + 4(872L*) (mne L? — nL)
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+(2nneL? — 2nL)8(m1 L + 477 L?) + (mL(noL — 1)no L — 2m1me L? + 291 L)8(477 L?)

16nL(nL + 1)(2nL + 1)
+( 3

)TlL
—16nL(nL +1)m L

16nL(nL +1)(2nL + 1)
3

—( — 16nL(nL +1))(nL)

mL(mL+1)(2n L +1)
3

naL(n2L +1)(2n2L + 1)
3

+( )(772L(4T1L)+ +772L(87'1L)+8T1L(T]2L—1)7]2L)

+4nL(4m L + 877 L?) + (mnoL? — nL)4(87{ L?)

—16(nL)(nL + 1)n L

naL(n2L +1)(2n2L + 1)
3

+(2mL)(4m L)

+4nL(167 L + 32712 L?) + 4(mma L? — nL)(1677L%)
+8(4m  L+872L?)(nL—1)nL+4(4m  L+872L?)(2nme L2 —nL(nL+1))+8(n1 (no L —
VoL — (nL — 1)nL — gy L2 + 2E0EEL y (87272

+(2mnL? —2nL)8(1 L + 477 L) + ((n2L)(m L — 1) (m L) — 2mnL® + 2nL)8(47{ L?)

( 16nL(nL +1)(2nL + 1)
3
1o L(neL + 1)(2n2L + 1)
+ 3
+((nL — V)pL +mnL? — NS (4 [ 872L2) + (mna L2 (m L — 1) — (nL —
DL — mnL? + ULt g (g7212)

—16nL(nL +1))(n L)

(’IhL - 1)771L(8T1L)

2nL(nL +1)(2nL + 1)
3
+(=2nL(nL — 1) + LEEUEELZY 4 (L — 1)nL + 29my L2 (nL — 1) — na L(nL —
DnL + 2mnL?(nL — 1) = mL(nL — 1)L — 20> L*(nL — 1))16(m, L)

+nL(nL—1)16(27 L+877 L?)+(

—5nL(nL+1)+6nL)16(m L)+

nL(nL +1)(2nL +1)
3

+(nL(nL+1)noL)16(7i L) —( )16(71L)—(2n2nL*—nL(nL+1))16(r1 L)

+(nL(nL+1)m L)16(m LH??L(nL + 13)(27;L +1)

((mL = 1)mL(n2L — 1)no L — nL(nL — 1))16(47 L?)

)16(m1 L) —(2mnL*—nL(nL+1))16(r1 L)
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_(m L(m L+§)(2W1L+1) +(8n%L2+4nlL)ﬁL)(772L(772L+§)(2712L+1) +(877§L2+4772L)7'2L)
Let 1 be the minimum of 7;, 7. Looking for the terms with no L’s after dividing
by L*, we get:

(32m2m? + 32m1m? — 3203) 7 + 64n37E
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