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What is U(sp2,)?

Definition: sp»,

Sp2n is the Lie algebra with elements

{(é g) |A:_DT7B:BT7C:CT}WhereA,B,C7Daren><n

matrices, equipped with Lie bracket [X, Y] = XY — YX.
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What is U(sp2,)?

Definition: sp»,

Span is the Lie algebra with elements

{<? g) |A:_DTaB:BT7C= CT} where A, B, C,D are n x n

matrices, equipped with Lie bracket [X, Y] = XY — YX.

Basis for sp,,

Let i,j € {£1,--- ,£n}. Let Ej denote the matrix with 1 in the (ij)-th
entry and 0 everywhere else. Then Fj; = Ej; — sgn(ij)E_j _; generate sp,.
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What is U(sp2,)?

Definition: U(sp2,)

The universal enveloping algebra of spy, is
U(span) = T(sp2n)/(X @Y =Y ® X —[X,Y]), where
T(span) = F @ spay @ sp52 @ spy> @ - - - is the tensor algebra of spy,.
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What is U(sp2,)?

Definition: U(spa2,)

The universal enveloping algebra of sps, is

U(span) = T(sp2n) /(X @Y — Y ® X —[X, Y]), where

T(sp2n) =F @ span @ spg@n2 ® spé‘%,3 @ - - - is the tensor algebra of spy,.

The center of U(span)

The center of U(sp2n), denoted Z(U(sp2n)), is comprised of all element
that commute with all of U(sp2n).

Ray Shang (Probability and Algebra) July 26, 2021 6/31



What is U(sp2,)?

Definition: U(sp2,)

The universal enveloping algebra of spy, is
U(span) = T(sp2n)/(X @Y =Y ® X —[X,Y]), where
T(span) = F @ spay @ sp52 @ spy> @ - - - is the tensor algebra of spyy.

The center of U(spa,)
The center of U(sp2p), denoted Z(U(sp2n)), is comprised of all element
that commute with all of U(spzn). It is generated by special elements ®y,
keZt.
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What is the Interacting Particle System?

Definition

The Interacting Particle System is a Markov Process on the lattice
Z>0 X Z4, with the particles denoted as x,-(e), where ¢ denotes the " level”
and i denotes the ordering of the particle on its level.
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What is the Interacting Particle System?

Definition

The Interacting Particle System is a Markov Process on the lattice

Z>q X Z, with the particles denoted as x,-(z), where £ denotes the " level”
and i denotes the position of the particle on its level. The system has the

interlacing property: x.ﬁfrrll < x,.(z) < x,.(e)+1 for ¢ odd, and

1
xfj:ll < xi(z) < x,.(Hl) for ¢ even.
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What is the Interacting Particle System?

Definition

The Interacting Particle System is a Markov Process on the lattice

Z>0 X Z4, with the particles denoted as x,.(e), where £ denotes the " level”
and i denotes the position of the particle on its level. The system has the
interlacing property: X-Ej_rll < x,.(g) < x,.(e)le for £ odd, and

1
X:'ZLI < X,-(z) < X,-(EH) for £ even.
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@ How does this system evolve?
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@ How does this system evolve?

Theorem (Borodin-Ferrari 2008)

The projection to each level is still a Markov process
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Their Connection

@ The movement of the particles on each level can be studied by the
representation theory of spy,.
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Their Connection

@ The movement of the particles on each level can be studied by the
representation theory of spyp,.

@ U(span) controls the representation theory of spap,.
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Their Connection

@ The movement of the particles on each level can be studied by the
representation theory of spy,.

@ U(span) controls the representation theory of spp,.

We define (X); =", 'D(t>(>\) T:jli‘:égX)
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Their Connection

@ The movement of the particles on each level can be studied by the
representation theory of spap,.

@ U(sp2n) controls the representation theory of spy,.

Define (X): = ZA ()‘) T:1||\r/1>1\§\X)

For qﬁé\’k € Z(U(span))

ﬂ N 1
< 5 > /0= E(pyy) (1)

° pg(:z/ 1Il2k
o/,—)\—lx )\N—l+rn
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Coproduct

The coproduct A is a algebra homomorphism U — U ® U defined on the
generators as AF; = F; ® 1+ 1® Fj;

Ray Shang (Probability and Algebra) July 26, 2021 17 /31



Coproduct

The coproduct A is a algebra homomorphism
U(sp2n) — U(span) ® U(sp2,) defined on the generators as
AFj=Fj@1+1® F;

Define a non-commutative operator Q; : U(sp2,) — U(sp2s) as
Q= (id®(:)t)o A

Ray Shang (Probability and Algebra) July 26, 2021 18 /31



Coproduct

The coproduct A is a algebra homomorphism
U(sp2n) — U(sp2n) @ U(sp2n) defined on the generators as
AFj=F;®1+1Q Fj;

Define a non-commutative operator Q; : U(sp2n) — U(sp2n) as
Qe =(id®(:)t)o A

How they work:
We have that (X)i1c = (Q:X)e
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Concrete Example: (F2 ),

Calculating (F2,)+:
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Concrete Example: (F2 ),

Calculating (F2, )
o Note that (F2 )iie = (Q:F2, )e
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Concrete Example: (F2 ),

Calculating (F2, )
@ Note that <F,%,m>t+€ = <QtF37m>e
o QiFpm = (id o ()e)(AF,)
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Concrete Example: (F2 ),

Calculating (F2, )
o Note that (F2,)rie = (Q:F2,,)c
° QtFr%m = (ld o <>t (AFI%m)
@ Then QtFr%wm = <F31m>t + Fr%lm + 2Fmm(Fmm)t
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Concrete Example: (F2 ),

Calculating (F2,,)+:
@ Note that (F2 )iie = (Q:F2,)e
o Q:F7, (ld°<> )(AF2 )
e Then Q:F2, = (F2 Ve + F2 4 2Fmm{Fmm)¢
e So < mm>t+6 - <Qt mm>€ = <F31m>t + <Fr%7m>6 + 2<me>€<me>t'
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Concrete Example: (F2 ),

Calculating (F2,)+:
@ Note that (F2 )iie = (Q:F2,)e
° QtF,%m = (id o ()¢ (AF,%,,,,)
@ Then Q:F2, = (F2 Ve + F2 4 2Fmm{Fmm)¢
° So (Frm)ete = (QeFamle = (Fam)e + (Fame + 2(Fmm)e(Fnm)e.
@ After some more math, you find that
S (Fam) = Tr(F2,) =2 = (F,)e =2t
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o Calculated @4 € Usp,, explicitly
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o Calculated @4 € Usp,, explicitly

o Qidy =
®4+(16n+4)tdy + (6403 +48n> 4 8n)t> + (2 n* —72n% — Ln? — an)t
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o Calculated @4 € Usp,, explicitly

o QP =
4+ (16n+4)tdy 4 (640> +-48n% +8n)t? + (%n4 —72n3 — 1—36n2 —4n)t
° <¢4>t - 5 4 3
(64n° + 48n% + 8n)t? + (40n* — 24n3 + 40n? + 4n)t + 10 H10M—n
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o Calculated @4 € Usp,, explicitly

o QP4 =
g+ (16n+4)tdy + (6403 +48n% +8n)t? + (56 4—T72m3 — 3 —4n)t
o (P4)r =

(64n3 + 48n2 + 8n)t2 + (40n* — 24n3 + 40n? + 4n)t + M50 L1007 —n

15
o Cov(phi(tr), pi2(t2)) =
¢(”11L) <¢(”11L)>
I|mL—>oo< 12

1L * Q(Tz ‘rl)Lq) <Q(7'2 ‘rl)Lq)( )>7'1L>
L2
(32mm? + 3277177 — 3213) 71 + 641?72

L=
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Thank you to Professor Kuan and TA Zhengye Zhou for their guidance
and helpful discussions, and this program for this amazing opportunity!
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