Solutions to DE Exam
Texas A&M High School Math Contest
25 October, 2025

1. A rectangle has perimeter 17 and area 15. Find the length of the diagonal of this rectangle.

1
Answer: ?3 = 6.5.

Let a and b be lengths of two adjacent sides of the rectangle. Then the rectangle has perimeter
2(a +b) and area ab, and its diagonals have length v/a? + b2. We are given that 2(a + b) = 17 and
ab = 15. It follows that b = 15/a and 2(a + 15/a) = 17. Likewise, 2(b + 15/b) = 17. Hence a and b
are solutions of the equation 2(x + 15/2) = 17. This equation is equivalent to a quadratic equation
222 — 17x 4 30 = 0, which has solutions 5/2 and 6. Note that (5/2)2 # 15 and 62 # 15. Hence one
of the lengths a and b is 5/2 and the other is 6. Then the diagonals of the rectangle have length

V(5/2)2 +62 = \/169/4 = 13/2.

2. Solve for z:  12z7/% + 322/5 = 1329/10,

19
A : 0, -, —
nswer: 0, 9’ 16

Solution:
1227/5 4 322/5 = 1329/10
12214/10 4 3,4/10 _ 13,.9/10
410122 — 13212 4+ 3) = 0.

At this point we can conclude that one of the solutions is z = 0 based on the 2%/10 factor. For the
portion in parentheses, we will use the substitution v = /2 and rewrite as follows:

1202 —13u4+3=0
(du—3)(Bu—1)=0
u:%, u:%.

1/2

Substituting z'/2 back in for u and solving for z, we see that x = u?. Therefore,

The complete solution set is



3. Find the largest solution z of the equation ‘3|$\ - 2| =1-2z.
Answer: —1/5

Solution: First consider the case x > 0. In this case |z| = = and the equation is simplified to
|3z — 2| = 1 —2x. Since 3z —2 = 0 for x = 2/3, we need to consider two subcases: 0 < z < 2/3 and
x> 2/3.

If > 2/3 then the equation is further simplified to 3z — 2 = 1 — 2z, which has solution = = 3/5.
However, we have to drop this solution (at least in this subcase) since it does not belong to the
interval [2/3, 00).

If 0 <z < 2/3 then the equation becomes —(3z — 2) = 1 — 2z, which has solution = 1. This one
has to be dropped too as it does not belong to the interval [0,2/3).

Now consider the case < 0. In this case |z| = —x and the equation is simplified to |-3z — 2| =
1 — 2z, which is equivalent to |3z + 2| = 1 — 2z. Again, there are two subcases to consider:
—2/3<z<0andzx < —2/3.

If —2/3 < x < 0 then the equation is further simplified to 3z + 2 = 1 — 2z, which has solution
x = —1/5. This time —1/5 does belong to the interval of interest [-2/3,0). Hence it is also a
solution of the original equation.

Finally, if z < —2/3, any solution will be smaller than —1/5. Therefore, the largest solution is
—1/5.

4. Given by > ba, let fi(z) = 2022 + byx + 250 and fo(x) = 522 + byx — 125. Given that the parabolas
intersect in exactly one point find the value of by — bs.

Answer: 150

Solution: Let xy denote the z-coordinate of the point of intersection of f; and f5. Since fi; and fo
have exactly one common point we have

fi(x) — fa(z) = 1522 + (by — be)x + 375 = 15(x — x0)* = 152° — 30x20 + 1523

It follows that b; — by = —30zxg and 375 = 1537% = x9 = =£5 Since by — by > 0, zg = —5 and
by — by = 150.

114
5. What is the constant term when the expression (w + 1+ —) is expanded?.
x

Answer: 19.

The expanded expression is the sum of 3* = 81 products of the form y;ysy3y4, where each of the
1

factors 1; can be chosen to be either = or 1 or —. Every product is equal to z* for some integer k.
x

Hence ¢g counts the number of choices when the product y1y2ysys equals 1. We have three different
ways to arrange this. First we can choose all four factors to be 1. Secondly, we can choose one of

1
the four factors to be x, one of the remaining three factors to be —, and the other two factors to

T
be 1. There are 4 - 3 = 12 different choices here. Finally, we can choose two of the four factors to



4-3
2!

1 4
be x and the other two factors to be —. There are <2> = —— = 6 different choices here.
T

co=1+12+6=19.

. Find a real solution z of the equation \/x\/z/z = 8V/2.

Answer: 16.

Clearly, any real solution should be nonnegative. For any = > 0 we obtain

Vi=a",

x x:$-:n1/2:m3/2,

/x\/fz ($3/2)1/2 _ a:3/4,
T/ TN/ T = z- a3t :x7/4,

T /x\f: (967/4)1/2 — 7/8

Hence the given equation is equivalent to z7/8 = 8y/2. We observe that

8v2 =28 21/2 = 97/% — (2)/® = 167/3,

Thus

Since the function f(z) = x7/8 is strictly increasing on the interval [0, 00), it follows that z = 16 is

the only real solution of the equation.

5 7 2025

3
1292 T2 g Ty 2t 0192 10132

. Evaluate the sum

1 1026168
10132 1026169

Solution: The sum has 1012 terms. The nth term is

Answer: 1 —

2n+1
n?(n+1)2
For any n we have
2n+1  (®*+2n+1)—n®> (n+1)2—n* 1 1
n?(n+1)2 n?(n + 1)2 Con2n+ 12 n2 (n+1)%

Therefore the sum equals

1 1 n 1 1 n 1 1 T 1 1 _ 1 1026168
12 22 22 32 32 42 10122 10132/ 10132~ 1026169°

Note that 10132 = (1000 + 13)? = 10002 + 2 - 13 - 1000 + 132 = 105 + 26 - 10® + 169 = 1 026 169.



8.

10.

11.

a+b
a—2>b

Let a > b > 0, a® + b*> = 3ab. Find the value of

sums or differences..

. Write your answer as a single term with no

Answer: /5

Solution: From a? + b? = 3ab, we get (%)2 -3 (%) + 1 = 0. Solving the equation for %, we have

a_3+V5 3+V5
B 2

a a
. Since a > b > 0, — must be greater than 1, so 7= . Therefore,

b 2 b

at+b E+1 5445
a=b  §-1 145
5—4v5—5

Rationalizing the denominator gives us —1_5 - V5.

A polynomial f(z) = 2° — 22* + az? + bx, where a and b are unknown coefficients, is divisible by
2% — 3z + 2. Find ab.

Answer: —2.

The polynomial 22 — 3z + 2 has roots 1 and 2. Since the polynomial f(z) is divisible by it, we have
f(z) = (2* — 3z + 2)q(x) for some polynomial q(z). It follows that 1 and 2 are also roots of f(z).
The equalities f(1) = f(2) = 0 give rise to a system of linear equations in variables a and b:

—14+a+b=0 at+b=1 —a=1 a=-—1
<~ <~ <
4a+2b=0 b= —2a b= —2a b=2
Thus ab=—-1-2 = -2.

If i = v/—1, find the sum
l+i4+2+3 4. 420%
Answer: 1+1

Solution: For each nonnegative integer k, we have that i** = 1, ¢*+1 = ¢ *+2 = _1 and

i**+3 = —j. This implies that 4% 44F+1 4442 L 14643 — () 50 the sum is equal to 12924472025 = 144,

Determine how many real solutions (z,y) the following system of equations has:

x? + 9% =18,
sin(z —y) = 0.

Answer: 6.



12.

13.

The equation sin z = 0 has solutions z = 7wn, where n is an arbitrary integer. Therefore x —y = mn,
n € Z. Note that

2

(z+ )+ (x —y)? = (2% + 22y + y*) + (2 — 22y + %) = 2(2% + 9°).

Hence the condition 22 + y? = 18 implies that (z —y)? < 36. Since (27)% > 62 = 36, it follows that
x—1y=0ormor —m. In the case z — y = 0, we obtain two solution of the system: x = y = 3 and
r=y=—-3

In the case z—y = 7, let us substitute y+ for  into the first equation of the system: (y+m)%+y? =
18. After simplification, 2y® + 27y + (72 — 18) = 0. Since 72 — 18 < 0, it is clear that the quadratic
equation has two real solutions y; and yo. This yields two solutions of the system: (y; + m,y1)
and (y2 + m,y2). As for the case x — y = —m, we notice that whenever (g, o) is a solution of the
system, so is (yo, zo). It follows that the only solutions of the system in this case are (yi,7 + y1)
and (y2, ™+ y2). Thus the system has a total of six real solutions.

Find all solutions z of the equation logs = + log, 27 = logs(92?) + log,.(9/z).

1
Answer: 5; V3.

Let us introduce a new variable y = logs . Then 3Y = x. Based on the second and fourth logarithm
in the equation, = # 1 so y # 0. Therefore, we have 2/ = 3 so that 1/y = log, 3. We obtain that

log,, 27 = log, (3%) = 3/y,
logs(923) = 2logs 3 + 3logs = 2 + 3y,
log:c(g/x) = log:c(32) + log:c(xil) = 2/y -1

Now the equation can be rewritten as y +3/y = 3y +2/y + 1. After simplification, 2y% +y —1 = 0.
This quadratic equation has two solutions, y = —1 and y = 1/2. Since both solutions are different
from 0, it follows that z = 37! and z = 3!/2 are solutions of the original equation.

Find the exact value of .

2k — )7
= 1 6 7(
E kE_l sin 3

A 5
nswer: S

. . o 1 — cos 2«
Solution: Using the formula sin“a = — Ve have

8

8 — 32008 +3ZCOS Zcos 2k_1)



Next we see that
8

3 cos ZE LT _ o6 T 4 cos 3T 4 cos O 4 cos %
klcos 16 —00516 COSIG cos16 cos16
-+ cos [ —+ cos om -+ cos ST -+ cos ( T >
™= — T™— — ™= — ™= —
16 16 16 16
s 3 om s s o 3m s
= c0S — + Cc0S — + COS — + COS — — COS — — COS — — €0s — — cos — = 0,
16 16 16 16 16 16 16 16
8
2k —1
and similarly, Z cos® (16)7T = 0. Therefore,

k=1

8
1 (2k— )7 1 3 2k —1)w 1 5
E=_-1843 2 =84S 1 = (8+--8) =2
3|8+ Zcos G ] S +2Z< + cos S 8( +3 ) 5
k=1 k=1
. (21D
since Z cos B a— =0.
k=1
14. Find the largest integer N such that
nd+3n24+2n N’
n=1
Answer: 4
Solution: We can write
1 A B C

n(n+1)(n + 2) PRI R

(this is a partial fraction decomposition). Getting a common denominator on the right gives us

1 _A(n® +3n+2) 4+ B(n? 4 2n) + C(n* 4+ n)
n(n+1)(n+2) n(n+1)(n +2)
1 _ (A+B+C)n*+ (BA+2B+C)n+24
nn+1)(n+2) n(n+1)(n+ 2)
Since there are no n terms in the numerator on the left, we need to solve the following system of
equations:
A+B+C=0
3A+2B+C =0
1=24

1
,B=—-1,and C' = ok Therefore,

N[ =

1 1 3
meaningAzi,B—kC’:—i, andZB+C:—§:>A:

2%5 1 _2022:51 1 2,1
n:1n3+3n2+2n_n:12 n n+1 n+2




15.

16.

:;((1‘3*%)*@7@%)*(%‘1*;)*"'*(20125_20226+20127>>'

The cancellation shown continues throughout, leaving us

1 1 2+1+ 1 2 n 1 _1+1 1 1
2 2 2 2026 2026 2027) 4 2 \2027 2026/°

11 1
42 (2026)(2027)
1 1 1 1 1 1

Since - = > — <~ — . that
MCCET 1730 51 2 (2026)(2027) ¢ S e

2025
1 1 1
5 ;n3+3n2+2n 4

So N =4.

A function f : N — N on the set of positive integers is defined recursively as follows: f(1) = 1,
f(n) = f(n—1) 41 for all odd numbers n > 3, and f(n) = f(n/2) for all even n. Find f(2025).

Answer: 8.

The function f(n) counts the number of 1s in the binary representation of the integer n. Recall
that the binary representation of n is a string of symbols dsds_1 ... dsdad;, where each d; is 0 or 1,
ds #0, and n = dy + 2do + 22d3 + - -- + 2°"2d,_1 + 2°7'd,. Let g(n) denote the number of 1s in
the binary representation of n. For any integer k > 1, the binary representation of the number 2k
is obtained from the binary representation of k by appending 0 while the binary representation of
2k + 1 is obtained by appending 1. It follows that g(2k) = g(k) and ¢g(2k +1) = g(k) + 1. Note that
we also have f(2k) = f(k) and f(2k + 1) = f(2k) +1 = f(k) + 1. Besides, f(1) = g(1) = 1. Since
any integer m > 2 can be written as 2k or 2k + 1 for some k € N, it follows by strong induction on
n that f(n) = g(n) for all n € N.

To obtain the binary representation of the number 2025, observe that 2! = 2048 > 2025 and
211 25 = 2016 < 2025 so that 2025 = 2'1 — 2% + 9. The binary representation of 2! — 27 is
11111100000. The binary representation of 9 is 1001. It follows that the binary representation of
2025 is 11111101001. It contains eight 1s.

Evaluate the product cosg cos 377r cos 577T

1
A W ¢« ——
nswer 3

Solution: Using the trigonometric identity sin 2ac = 2 sin v cos v, we obtain that




17.

18.

whenever sina # 0. It follows that

cos T COSS—W COS5£ _ sin(27/7)  sin(67/7)  sin(107/7)
7 7 7 2sin(r/7) 2sin(37/7) 2sin(57/7)’

Further, using the trigonometric identities sin(m — o) = sina and sin(m + ) = — sin «, we obtain
that sin(27/7) = sin(5x/7), sin(67/7) = sin(7/7), and sin(107/7) = —sin(37/7). Hence

. . e 1
cosg COSBI cos5—w _ sin(5x/7)  sin(w/7) sin(37/7) 1

7 7 2sin(n/7) 2sin(37/7) 2sin(57/7) 8

Find all solutions of the equation

1 1
\/x+\/43:—3+4+ x—\/4x—3—|—zzm.

Answer: 3

2 2
Solution: The equation is equivalent to \/( 4325_3 + 1) + \/( v 45_3 - 1) = x. So we get
Vadxr — 3 Viaxr — 3
‘a;+1’+'x—1’ — .

Note that the first absolute value term is positive whenever defined (z > %) For the second we

have
Viz=3 | _[*5-L it <w<]
2 T\ (SE ), e

Y=—+4+1 =z, so z = 2, which is impossible.

Vir—3 Vi4r—3
e B

Thus, if % <z< % the equation becomes

If Z < z, then the equation becomes 7”13_3 + 1+ 7“%_3 — 1 =z, so we need to solve v/4x — 3 = .
Squaring both sides we get 4z — 3 = 22, with solutions 3 and 1. Since z > %, only x = 3 is a
solution.

Consider the trigonometric equation
(sin 2z + V/3 cos 2x)? — 5 = cos (% - 21‘) .

Find the sum of all solutions of this equation which lie in the interval [0, 47].

100w 257
Answer: ——= ——

12 3



19.

20.

Solution: The above equation is equivalent to

2
1. V3 5 1
(251n2x+2cos2x> _171%8(6_2:6)@

1 5
cos® (%—23@) —ZCOS<%—2$) —==0.

Let y = cos (5 —2z). Then y € [—1,1] and 4y> —y —5 = 0 < (4y — 5)(y + 1) = 0 which implies
that y = —1. So

cos(%—Qw):—1<:>2$—%:7T+2n7r,n62<:>x:E—i—mr,nEZ.

12
. ) 7w 197 3lxw 437 . ~ 100 25w
The solutions in [0,47] are —, ——, —— and —— and their sum is = —
127 127 12 12 12 3

Find L\/i\/g — ﬁﬁj, that is, the largest integer not exceeding \/5\/g — \/g\/i
Answer: —1

Solution: We are going to show that 1.5 < \/5\/5 < 2and 2 < \/3\/5 < 2.5. This will imply that
—-1< \/5\/5— \/gﬁ < 0 so that L\/ix/g— \/§\/§J =-1.

All our estimates are based on the fact that inequalities 0 < z < y imply that a® < a¥ for any a > 1 and
b < yb for any b > 0. Let us begin with the upper estimates. We obtain that \/5\/g < \/5\/Z = \/52 =2 and

v/ 25 5
VB < VBV = (3V2)Y g = VB = AT < VB = VB = VB <[ = D =25

Further,

\/5\/5>\/§«/25/9:(21/2)5/3:25/6:3/2?:€/3§>3/2*:{3/3*3:\/§>\/§:2:1'5_

To obtain the last estimate, we first observe that 37 = 2187 > 1024 = 20 Tt follows that 37/19 > 2. Then

\/gﬁ _ (31/2)\/5 _ 3V3/2 _ 3\/1/2 < 3y/49/100 _ 37/10 < o

Find all the triples of positive real numbers (z,y, z) that satisfy the equations

W2 +1 52 +1  6vV22+1

)

x Y z
T+y+z=21aY2.

VT

g2 =3V

Answer: (\g, _ 3\ﬁ> or r =



7
Solution: Since x, y and z are positive real numbers, there exist A, B, and C' in (O, 2) such that

x=tan A, y = tan B and z = tan C'. The last equation becomes

tanA +tan B +tanC =tan Atan BtanC &
sin Acos BcosC +sin Bcos AcosC +sinCcos Acos B —sin Asin BsinC =0 <
sin(A + B)cosC + cos(A+ B)sinC =0 < sin(A+ B+ C) = 0.

Since A, B,C € (0, ;T) , we obtain that A+ B+ C' = m, which says that A, B, and C are the angles

tan « ™
of a triangle. Using the identity sina = ——=, for all « € | 0, = |, the first equations of our
1+ tan® 2
system become
4 5 6

sinA _sinB _ sinC’
From the Law of Sines, we can assume that a =4, b =5, and ¢ = 6. We apply the Law of Cosines
and we get

B+c2—a?2 3 VT VT

COSA:T:ZjSIHA:zj:taHA:?,
9 . 57 57
costl—6:>sme?§yftaanT,

cosC:;ésinC:g\Sﬁéz:tanC:i’)\ﬁ.



