Solutions to EF Exam
Texas A&M High School Math Contest
25 October, 2025

1. A rectangle has perimeter 17 and area 15. Find the length of the diagonal of this rectangle.

1
Answer: 5 =6.5.

Let a and b be lengths of two adjacent sides of the rectangle. Then the rectangle has perimeter
2(a + b) and area ab, and its diagonals have length va? 4+ b%. We are given that 2(a + b) = 17 and
ab = 15. It follows that b = 15/a and 2(a + 15/a) = 17. Likewise, 2(b + 15/b) = 17. Hence a and b
are solutions of the equation 2(z 4 15/x) = 17. This equation is equivalent to a quadratic equation
222 — 17x 4+ 30 = 0, which has solutions 5/2 and 6. Note that (5/2)2 # 15 and 62 # 15. Hence one
of the lengths a and b is 5/2 and the other is 6. Then the diagonals of the rectangle have length

V(5/2)2 +62 = \/169/4 = 13/2.

2. Let f be a one-to-one differentiable function and let g denote its inverse. Find A/(3) if h(z) = 2%g(x),
f(2) =3, and f'(2) =T7.

93
Answer: —

Solution: By the Product Rule we get
B (z) = 2zg(z) + 2%¢'(x) = K (3) = 69(3) + 9¢'(3).

Since f(2) = 3 and f'(2) = 7, we have that g(3) = 2 and

3) 1 1 1
g = = = —.
f9@3)  f@2 7
9 93
Therefore, h'(3) =124+ == —.
T T
114 !
3. The expression (:r + 1+ —) can be expanded as a sum Z ez, where each ¢y, is a real number.
x
k=—4

Find the constant term cg.
Answer: 19.

The expanded expression is the sum of 3* = 81 products of the form 492y3y4, where each of the

factors y; can be chosen to be either z or 1 or —. Every product is equal to z* for some integer k.

x
Hence c¢g counts the number of choices when the product y1y2ysys equals 1. We have three different
ways to arrange this. First we can choose all four factors to be 1. Secondly, we can choose one of

the four factors to be x, one of the remaining three factors to be —, and the other two factors to
x



be 1. There are 4 - 3 = 12 different choices here. Finally, we can choose two of the four factors to

be z and the other two factors to be l There are <;1) = %

T
co=1+1246=19.

= 6 different choices here. Thus

. Find a real solution z of the equation \/zv/z/z = 8v/2.

Answer: 16.

Clearly, any real solution should be nonnegative. For any = > 0 we obtain

Vi=al,

12 _ 43/2,

/x\/E: (x3/2)1/2 — 254
o\ oz = a2t =27/,

/2T = (x7/4)1/2 =7/,
Hence the given equation is equivalent to 27/8 = 8v/2. We observe that
8v2 = 2% 21/% = 27/2 — (24)7/® = 167/%.

Since the function f(z) = x7/8 is strictly increasing on the interval [0, 0c), it follows that z = 16 is
the only real solution of the equation.

INT =TT

. Find the limit of the sequence a,, = sin?(7mv/n2 +n + 1).
Answer: 1

Solution: We have

lim sin®(7v/n2 +n+ 1) = lim [sin(mv/n2 +n+ 1 —nr 4+ nr)]?
n—oo

n—oo
2 1-n2\1?
= T}Ln;o[(—l)" sin(ﬂ'\/m —nn)]? = nh_}ngo [Sin (W\T}%fr)] = sin? g =1.

. A polynomial f(z) = 2% — 22* + a2? + bz, where a and b are unknown coefficients, is divisible by
z* — 3z + 2. Find ab.

Answer: —2.

The polynomial 22 — 3z + 2 has roots 1 and 2. Since the polynomial f(z) is divisible by it, we have
f(x) = (22 — 3z + 2)q(x) for some polynomial ¢(x). It follows that 1 and 2 are also roots of f(z).
The equalities f(1) = f(2) = 0 give rise to a system of linear equations in variables a and b:

-1 b=0
{4 _:_262—1— 0 <> begincasesa+b = 1b = —2acases <= begincases—a = 1b = —2acases <= begincases
a g



Thus ab=—-1-2 = -2.
(a1 )
. Evaluate nh_)rgo <3 ; M) .

Solution: We first see that ) . .

k(k+2) 2k 2(k+2)

for every positive integer k, which implies that the sequence {x,}, where

oy L Lt L
"_kzlk(k+2)_2 4 2n+1) 2(n+2)

3
has limit T Our limit then becomes

. 4 \" . 4 " a
lm | -2, | =lim (1+-2,—1) =e 3,
n—oo \ 3 n—00 3
a a

since lim(1 4+ x)= = €%, lim -z, —1 =0, and
z—0 n—oo 3

. 4 . 2 2 4
Imn(-x,—1) = lim n|(— — = ——.

1

2
F(2?)dz = 2025. Find I = /1 f(2?)

. Let f be a continuous function such that /
157 +1

-1

2025
Answer: 5

Solution: We make the substitution © = —z and we get
-1 2 1 Fru 2
I:_/ f(u)du:/ U f() .
1 HTv41 1 ¥ +1

1 Uu 2 1 2
:/ O D)y [ 10D g o051
T 55U+ 1

2025
Therefore, I = —

dz.



9.

10.

x

Find the z-coordinate of all the points on the graph of f(z) = P where the tangent line also
x

passes through the point (1,2).

Answer: —2 +/3

Solution: On one hand, the slope of the tangent line to the graph of f at the point (a, aiﬂ) that
passes through (1,2) is equal to

T2 a-20a+1) a+2

a—1  (a+1)(a—1) (a+1)(a—1)

On the other hand, the same slope is equal to f’'(a) = . Therefore,

(a+1)2
a+2 1

N CE R CES A

Solving the quadratic equation we get a = —2 — /3 or a = —2 + /3.

a+2)(a+1)=1-aea®+4a+1=0.

Suppose T is a triangle such that the center of its circumscribed circle lies within the triangle. Let
«, B and v be the angles of T'. Find the largest real number ¢ such that the inequality

sina+sin 8 +siny > ¢
is guaranteed for any choice of the triangle 7'
Answer: 2.

Without loss of generality, we may assume that o > g > ~. Using the formula for the sum of sines
and the identity a + 8 + v = 7w, we obtain

sina+sin7:2sina+vcosa_7:2sin7r_ﬁcosa_’y.
2 2 2 2
Let g = 7/2 and v9 = 7/2 — 3. Then
. . . a+tN a—% . T—=0
sin o + sinyg = 2sin 2 cos > = 2sin > cos 5"

The center of the circumscribed circle lies outside a triangle if and only if the triangle is obtuse.
Hence o < 7/2. Tt follows that § +~v > 7/2 > a. Then a — v < . Consequently, cos “52 > cos g,
which implies that sin o 4 siny > sin ag + sinyy = 1 4 sin~y. The angles 8 and 7y are both acute.

Therefore their sines and cosines belong to the interval (0, 1). It follows that
sinyp + sin 8 > sin~yg cos 8 + cos g sin 5 = sin(yo + 5) = sin(n/2) = 1.
Finally, sina + sin 8 +siny > 1 4+ sinyy + sin 8 > 2.

To prove that ¢ = 2 is the largest number with the required property, it is enough to show that the
sum sin a+sin J 4 siny can be arbitrarily close to 2. Indeed, let us choose T' to be an acute triangle
with two larger angles o and 8 being close to 7/2. Then the third angle ~ is close to 0. « and
can be chosen arbitrarily close to 7/2 while v is arbitrarily close to 0. That way sin « + sin 5+ sin~y
can be made arbitrarily close to 2.



11.

12.

Determine how many real solutions (z,y) the following system of equations has:

x? +y? =18,
sin(z —y) = 0.

Answer: 6.

The equation sin z = 0 has solutions z = wn, where n is an arbitrary integer. Therefore x —y = mn,
n € Z. Note that

(z+ )2+ (z —y)? = (@ + 22y + y?) + (27 — 22y + 7)) = 2(2* + 7).

Hence the condition 22 + y? = 18 implies that (z — y)? < 36. Since (27)% > 62 = 36, it follows that
x—y=0ormor —m. In the case x — y = 0, we obtain two solution of the system: x = y = 3 and
r=y=-—3.

In the case z—y = 7, let us substitute y+ for  into the first equation of the system: (y+m)2+y? =
18. After simplification, 2y? + 27y + (72 — 18) = 0. Since 72 — 18 < 0, it is clear that the quadratic
equation has two real solutions y; and yo. This yields two solutions of the system: (y; + 7, y1)
and (y2 + m,y2). As for the case x — y = —m, we notice that whenever (z¢, o) is a solution of the
system, so is (yo,xo). It follows that the only solutions of the system in this case are (y1,m + y1)
and (y2, ™+ y2). Thus the system has a total of six real solutions.

Evaluate lim a,, where

n—oo
" _sm(l—}—%)_i_sm(l—{—%) sin(l—}—%).
N R i

Answer: cos1 — cos?2

Solution: Let {b,} and {c,} be sequences defined by
1 1 2
bn:\/ﬁ [Sin (l—i-n) + sin <1+n> +"'+Sin<1+z>:|

1 1 2 n
=L e (142 wsin (14 2) s (14 2
Cn, o [Sln( +n>+bln< +n>+ + sin +n ]

We have that b, < a, < ¢,, for all positive integers n. If we denote

dnzl[sin(l—i—1>+sin<1+2>+-~+sin<1+n>]
mn n n mn

and

then we see that

1

= cos 1 — cos 2.

1
lim d, = / sin(1 + z)dz = — cos(1 + x)
0 0

n—oo

Since lim b, = lim ¢, = lim d,, by the Squeeze Theorem we get that lim a, = cos1 — cos2.
n—oo n—oo n—oo n—oo



13. Find all solutions x of the equation logs = + log, 27 = logs(923) + log,.(9/z).
1
Answer: g; V3.

Let us introduce a new variable y = logs . Then 3Y = x. Based on the second and fourth logarithm
in the equation, x # 1 so y # 0. Therefore, we have z!'/¥ = 3 so that 1/y =log, 3. We obtain that

log,, 27 = log, (3%) = 3/y,
logs(923) = 2logs 3 + 3logs x = 2 + 3y,
log,(9/z) = logx(32) + logx(xil) =2/y—1.

Now the equation can be rewritten as y +3/y = 3y +2/y + 1. After simplification, 2y% +y —1 = 0.
This quadratic equation has two solutions, y = —1 and y = 1/2. Since both solutions are different
from 0, it follows that z = 37! and z = 3/2 are solutions of the original equation.

14. Find the exact value of .

2k —1)m
= 1 6 7(
E ,;_1 sin o

5
Answer: 3

. . . 9 1 — cos 2«
Solution: Using the formula sin“ a = — W have

s 2k:—1
[8 SZCOS +3Zcos Zcos ]

Next we see that
8

Z (2k — 1w T 3 n 5T n i
COS —————— = COoS €0S — + €0S — + Ccos —
16 16 16 16 16
cos | T — 1¢ cos | T — 1¢ cos | T — 1¢ cos {7 — 7¢
s L 3 . 57 . m I 5T T s 0
= €08 — + COS — + COS — + COS — — COS — — COS — — COS — — COS — =
16 16 16 16 16 16 16 16 ’
8
2k — 1
and similarly, Z cos® (16)7T = 0. Therefore,
k=1
E 8+3§8: 2 2k Um) 1 8+3§8: 1 4 cos 2D lgq2.g=?
= - cos” ———| == = cos = - — = -
8 — 16 8 2 — 8 8 2 2’

8
2k —1
since Z Ccos (k8)7r =0.
k=1



15.

16.

V3 2x
Evaluate the integral / arcsin <2> dx.
0 T4 + 1

V3

Answer:

Solution: If we integrate by parts we get
1

! . 2x . 2z Loog
arcsin ( ——— | doz = zarcsin | —5—— — —dx,
0 x?+1 224+1), Jo #?2+1

d 2z 2
since . (arcsin o 1) TR for all z € (—1,1). This implies that

1 1
2
/0 arcsin <952—g;1> dx = g —In(z? 4+ 1) . = g —In2.

Similarly,

V3 . 2x . 2x V3 V3 2x

arcsin | ——— | do = zarcsin | 5—— ——dx,

1 2 +1 z2+1) |, 1 1241

ince -2 —— 2 forall 2 € (1,00), which implies that
- S5 4T T 5 S ; 3
since | aresin —5—— oy forale 00), which implies tha
V3 2 3 Vi V3 3

/ arcsin(x2jl>dx:ﬂgf_gm(xm) 1 T P s S

V3 2 T3
Therefore, / arcsin ——dg = \f
0 .’132 + 1 3

A function f : N — N on the set of positive integers is defined recursively as follows: f(1) = 1,
f(n) = f(n—1)+1 for all odd numbers n > 3, and f(n) = f(n/2) for all even n. Find f(2025).

Answer: 8.

The function f(n) counts the number of 1s in the binary representation of the integer n. Recall
that the binary representation of n is a string of symbols dsds_1 . ..dsdad1, where each d; is 0 or 1,
ds # 0, and n = dy + 2do + 22d3 + - -- + 257 2d,_1 + 2°7'd,. Let g(n) denote the number of 1s in
the binary representation of n. For any integer k > 1, the binary representation of the number 2k
is obtained from the binary representation of k by appending 0 while the binary representation of
2k + 1 is obtained by appending 1. It follows that g(2k) = g(k) and g(2k + 1) = g(k) + 1. Note that
we also have f(2k) = f(k) and f(2k +1) = f(2k) +1 = f(k) + 1. Besides, f(1) = g(1) = 1. Since
any integer n > 2 can be written as 2k or 2k 4+ 1 for some k € N, it follows by strong induction on
n that f(n) = g(n) for all n € N.

To obtain the binary representation of the number 2025, observe that 2! = 2048 > 2025 and
211 25 = 2016 < 2025 so that 2025 = 2'1 — 2% + 9. The binary representation of 2! — 27 is
11111100000. The binary representation of 9 is 1001. It follows that the binary representation of
2025 is 11111101001. It contains eight 1s.



17. Consider the trigonometric equation

18.

(sin 2z + V/3 cos 2x)? — 5 = cos (% - 233) .
Find the sum of all solutions of this equation which lie in the interval [0, 47].

1007 B 257

A P —=
nswer B 3

Solution: The above equation is equivalent to
1 V3 s 1
(25in2$+ 2cos2:c) i ZCOS (I — 2£L'> &
1
cos? (1—2:1:) — — oS (E—Qx) _2 =0.
6 6

Let y = cos (5 —2z). Then y € [—1,1] and 4y* —y —5 = 0 < (4y — 5)(y + 1) = 0 which implies
that y = —1. So

12
. . 7m 197 31w 437 . . 1007 257w
The solutions in [0,47] are —, ——, —— and —— and their sum is = —.
127 127 12 12 12 3

Evaluate the limit

GO G

3v2 3

or

4 2v/2

Solution 1: Let

Answer:

n

B “ n+k\ "~ (n—i—k)(n—i—k—l)_i - - —
=3 ( ! )—;J . = 75 L ViR

We use the Squeeze theorem with the following bounds:
(n+k—12<(n+k)n+k—-1)<(n+k)?>

Consider L,, and U, defined by

n

1 « 1 < 1
Ln:—E Vin+k—12=— n+k—1) and U,=— + k).
ﬂk:() | ) ﬁk:o( ) 2k:0(n )



19.

We have
= (n—2)(n+1) (Bn-2)(n+1)

ﬁLn:Z(n—t—kz—l):n(n—l—l)—F 5 = 9 )

which implies

Similarly, we have

1 < 1 3 1
V2U, = — (n+k):n(n+1)+n(n+ ): nin + ),
V2 k=0 2 2
and
i %71 1 3n(n+1) 3
n1—>n<;10 n2 - nl—>rgo \/§ 2n2 - 2\/5
Therefore,
S, U
lim —Zg lim —;‘g lim —g
n—oo N n—oo N n—oo N
The given limit becomes
+1 2
OB s s s
nLH;O n2 _nlﬁngonZ _2\/5_ 4 -

Solution 2: We apply Stolz-Cesaro Theorem (effectively, a discrete version of L’Hospital’s Rule for

n
. n+k
sequences) with general terms a,, = kz_o ( 9
Since {by,} is strictly increasing and unbounded and

2n+1 2n+2 n
e V) VT - VE)

> and b, = n?, defined for all positive integers n.

n—o0o byy1 — b,  n—oo (n+1)2 —n?
— lim V2n@2n+1)+/2n+1)2n+2) — /n(n—1) _ 3V2
e ﬂ(Qn + 1) B 4

3v2
it implies that lim dn _ i
n—00 bn 4

T 21 47
Find the exact value of E = cot® (9) + cotb (9) + cot (9) )

Answer: 433

cot® o — 3 cot o

we get that
3cot?a—1 &

Solution: Using the formula cot 3o =

cot® o — 6 cot* a + 9cot? o
9cottar — 6eot? v + 1

cot? 3a =



20.

T 2w 4 9 1 o T o 2m
7 a = — and a = —, we have cot” 3a = =. We deduce that x1 = cot” —, 9 = cot® —

For = 9 9 3 9 9

4
and z3 = cot? 3 are the roots of the equation

3 2

x° —6x"+9r 1 3 9
- = - & 3x° =27 33r—1=0.
07 — 6wt 1 30T T
Soxi+xo+x3=9, x122 + 223+ 321 = 11, and x1x073 = % This implies that x% —{—:Eg +x§ =59
and from 323 — 2722 4+ 33z, — 1 = 0, for i = 1,2,3 we obtain that

3(xiastal) —27 (23 +a3+a3)+33(x1 +ootr3)—3 = 0 & oS +ad+ad = 9wt +ai+ad)—11(z+arotas)+1.

Therefore, £ =9-59 —11-9 4+ 1 = 433.

Consider the sequences {a,} and {b,} given by
— 3k +1 <2k>
=3Bt
Pt E+1\k
and b, = Va, + 2. Find li_>m by,

Answer: 4

Solution: We have that

2% + 2 2k (2k+2)!  (2k)!
()= ()

[(K+ D12 (k)2
_ @R TRk+D)2E+2) ] 3k+1 (2%
_(k!)Q[ (k+1)2 ]_’Hl(k?)'

k+1 k)~

Therefore,

> () -2 () ()

which implies that b, = /a, +2= ¢ (2”"'2).

T
Next we use the fact that, if a sequence {x,} satisfies x,, > 0, for all n and lim "+l oxists then

n—oo  ITp

. . Tn+1 .
lim /z, = lim "1 Since

n—o0 n—oo Iy,
2(n+1)+2
N G ) B oy I C VR [ R
nlﬁnolo 2n+2 o nLrI;o 2n+2y nlaoo (n + 2)2 o
( n+1 ) ( n+1 )

we conclude that lim b, = 4.
n—oo



21. Find all the triples of positive real numbers (z,y, z) that satisfy the equations

AWt +1  5yy*+1  6V22+1
x N Y N z

T+y+z=uzxyz.

\ﬁ) orxzﬁ,yzl\ﬁ,z:?ﬂﬁ

VT 5VT
3 9

Answer: [ —, ,
379
T
Solution: Since z, y and z are positive real numbers, there exist A, B, and C' in (0, 2) such that

xr=tan A, y = tan B and z = tan C. The last equation becomes

tanA +tan B +tanC =tan Atan BtanC &
sin Acos BcosC +sin Bcos AcosC +sinCcosAcosB —sinAsin BsinC =0 <
sin(A + B) cosC' + cos(A+ B)sinC =0 < sin(A+ B+ C) = 0.

Since A, B,C € (0, ;T) , we obtain that A+ B+ C' = m, which says that A, B, and C are the angles

tan o s
of a triangle. Using the identity sina = ———, for all « € | 0, = |, the first equations of our
1+ tan® 2
system become
4 5 6

sinA sinB sinC'’

From the Law of Sines, we can assume that a =4, b =5, and ¢ = 6. We apply the Law of Cosines

and we get
V+c?2—a? 3 7 7
COSA:+2CbCa:4:>SinA:\4[=>l‘:tanA:\3[,
VT VT
cosB:gisinB:—I:y:tanB:—W,
16 16 9

cosC:é:sinnggﬁ:z:tanC:B\ﬁ.



